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CHAPTER 4

Partial Derivatives

Before you read this chapter, you should be able to …

∙ take derivatives using the product rule, quotient rule, and chain rule.
∙ graph single-variable functions in Cartesian (rectangular) and polar coordinates.
∙ work with vectors, including computing the dot product.
∙ graph and interpret “multivariate” functions (one dependent variable, multiple indepen-

dent variables).

After you read this chapter, you should be able to …

∙ evaluate and interpret “partial derivatives” of multivariate functions.
∙ use the chain rule to find derivatives of multivariate composite functions.
∙ use “implicit differentiation” to relate derivatives of functions with respect to a common

independent variable.
∙ evaluate and interpret the “directional derivatives” and the “gradient” of a multivariate

function.
∙ create power series approximations of multivariate functions.
∙ find minima and maxima of multivariate functions using gradients and/or Lagrange

multipliers.
∙ write and interpret partial derivatives written in the format (𝜕U ∕𝜕T )P and apply them to

thermodynamics problems.

“How far will the meteoroid descend into the atmosphere before burning up entirely?”
An introductory calculus problem might claim that the distance d is a function of the mete-
oroid’s speed v, or of its massm, or of the atmospheric temperature T . Any of these functions
might be valid under the right circumstances, but all are oversimplifications because the
meteoroid’s penetration actually depends on all these variables—among others.

Functions of one variable are the exception; most important quantities depend on many
different variables. In this chapter we assume you have some basic familiarity with multivari-
ate functions, but have not necessarily done much calculus with them. We look at derivatives
of multivariate functions, known as “partial derivatives,” and discuss some of their many
applications.

4.1 Motivating Exercise: The Wave Equation
A string that can vibrate up and down is described by a height function y(x, t). The drawing
below shows a string at some instant that we’ll call t = 10 and labels a point indicating that
y(4, 10) = 2. Assume throughout this exercise (except Part 4) that the ends of the string at
x = 0 and x = 10 are tied down, meaning y = 0 at those points.

136
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1. The slope of the string at the point marked in Figure 4.1 is “the derivative of y with
respect to x,” sometimes written 𝜕y∕𝜕x. Estimate 𝜕y∕𝜕x at the point shown by looking
at the drawing.

2. You cannot estimate “the derivative of y with respect to t” by looking at the drawing,
but suppose we told you that at this particular point on the string at this particular
moment, 𝜕y∕𝜕t = −3. Estimate where that piece of string would be at t = 10.5.

See Check Yourself #17 in Appendix L

An “equation of motion” relates the acceleration of an object to its position and/or veloc-
ity. For example, a mass attached to a rusted spring might obey the equation d2x∕dt2 =
−(b∕m)(dx∕dt) − (k∕m)x. If you know the position and velocity at any given moment, you can
use this equation to calculate the acceleration and thereby predict the motion over time.

The equation of motion for our string is the “wave equation”:

𝜕2y

𝜕t2
= c2

𝜕2y

𝜕x2
(4.1.1)

On the left is the second derivative of y with respect to t: the vertical acceleration. On the
right is the second derivative of y with respect to x: the concavity. This equation asserts that
if you know the concavity at any given point—any particular x and t—you can determine the
acceleration at that point. If you know the shape of the entire string at a particular moment,
as well as the velocity at each point, you can use this equation to predict the motion of the
string over time.

3. Consider a string that begins at rest stretched into a horizontal line. (We can express
this mathematically by writing y(x, 0) = 0.) Based on Equation 4.1.1, what will happen
to this string over time? Your answer will not require calculations, but you shouldn’t
just say what you would expect physically. Explain what behavior Equation 4.1.1
predicts by thinking about concavity and acceleration.

.
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FIGURE 4.1 A vibrating string.

4. Now consider a string that begins at
rest stretched into a diagonal line from
the point (0, 0) to the point (10, 20), so
y(x, 0) = 2x. Based on Equation 4.1.1,
what will happen to this string over
time?

See Check Yourself #18 in Appendix L

5. Now consider the string whose ini-
tial position y(x, 0) is represented in
Figure 4.1. Based on Equation 4.1.1,
which parts of the string will accelerate
downward? Which parts will accelerate
upward?

4.2 Partial Derivatives
For a single-variable function, we write dy∕dx: “the derivative of y with respect to x.” A multi-
variate function has different derivatives “with respect to” its different independent variables.
Calculating these derivatives is not difficult, but some thought is needed to properly interpret
their meanings.
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4.2.1 Discovery Exercise: Partial Derivatives

The drawing below shows a function z(x, y), with one point on the plot marked.
.

x

y

z

1. If you start at the marked point and
move in the positive x-direction,
holding y constant, is z increasing,
decreasing, or staying constant?

2. If you start at the marked point
andmove in the positive y-direction,
holding x constant, is z increasing,
decreasing, or staying constant?

The rate of change of z in the x-direction,
holding y constant, is “the derivative of z
with respect to x,” usually written 𝜕z∕𝜕x.

3. Based on your answers above, is
𝜕z∕𝜕x positive, negative, or zero at
the marked point?

See Check Yourself #19 in Appendix L

4. What about 𝜕z∕𝜕y?
5. Looking at the plot, is 𝜕2z∕𝜕x2 at the marked point positive, negative, or zero? Explain

what about the surface lets you know.
6. Suppose that z represents the concentration of salt in a lake, y represents depth in that

lake, and x represents time. Explain what each of your answers to Parts 3–5 tells you
physically about the lake.

4.2.2 Explanation: Partial Derivatives

The attractive force F that an atomic nucleus exerts on an electron is a function of the nuclear
charge q. Suppose that in a given situation dF ∕dq = 500 in SI units. What exactly does that
mean?

Students often answer “the force is rising at a rate of 500,” but what does that mean? Is
the force growing stronger by 500 Newtons every second? No, that would be a derivative
with respect to time; dF ∕dq indicates that the force will rise by 500 Newtons if you add one
Coulomb of charge to the nucleus. More generally, a derivative always says “the dependent
variable will rise by this much per unit increase in the independent variable.” You can never have
“the derivative of this” without “with respect to that.”

A multivariate function, then, has different derivatives with respect to its different inde-
pendent variables. These are called partial derivatives.

Definition: Partial Derivatives
Consider a variable y that depends on multiple independent variables x1, x2, etc. The “partial deriva-
tive of y with respect to xn”—that is, with respect to one of the independent variables—represents
how much y changes per unit change in xn, with all other independent variables held constant.
Partial derivatives can be written like ordinary derivatives, but replacing d with 𝜕.

For instance, a function y(x, t) has two partial derivatives.

𝜕y
𝜕x

= lim
Δx→0

y(x + Δx, t) − y(x, t)
Δx

and
𝜕y
𝜕t

= lim
Δt→0

y(x, t + Δt) − y(x, t)
Δt
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As usual, the best explanation is an example.

EXAMPLE Traffic Density

Interstate 40 stretches 2500 miles from Barstow, California to Wilmington, North
Carolina. Let c represent the traffic density, measured in cars per mile. The density c
is a function of x, your position on the road, measured in driving miles from the
Western tip. The density is also a function of time of day, t, measured in hours since
midnight.

Question:What do the partial derivatives 𝜕c∕𝜕x and 𝜕c∕𝜕t represent, and what are
their units?

Answer:
𝜕c∕𝜕x measures the change with respect to position, holding time constant. Imagine
taking a picture from a traffic helicopter over Memphis. You see a relatively low traffic
density to the West of Memphis, gradually increasing as you move into the city, and
then decreasing as you move Eastward out of the city again. Hence, 𝜕c∕𝜕x, measured
in cars/mile per mile (or cars/mile2), is positive on the West side of the city and
negative on the East.
𝜕c∕𝜕t measures the change with respect to time, holding position constant.

Imagine a traffic camera stationed under a bridge. As rush hour begins, it sees a
steady increase in traffic density, so 𝜕c∕𝜕t is positive. As evening wears on into
night, the density decreases so 𝜕c∕𝜕t is negative. The units are cars/mile
per hour.
The photograph captures a single moment in time, so it shows only a change due

to position. The traffic camera stays at one position, and sees only changes with
respect to time. The partial derivatives isolate the change due to each variable,
holding the other variable constant.

Evaluating Partial Derivatives
Evaluating partial derivatives is easy if you know how to evaluate regular derivatives: you take
the derivative with respect to one variable, treating the other variables as constants.

EXAMPLE Evaluating Partial Derivatives

Question: Find the partial derivatives of z(x, y) = sin(2x + y2) + ln x.

Answer:
𝜕z∕𝜕x = 2 cos(2x + y2) + 1∕x, and 𝜕z∕𝜕y = 2y cos(2x + y2).

Visualizing Partial Derivatives and Second Derivatives
Any function of two variables can be visualized as a surface, where z is the dependent
variable and x and y are the independent variables. Viewed this way, 𝜕z∕𝜕x represents
the slope of the surface if you move in the positive x-direction, leaving your y-coordinate
unchanged. Likewise, 𝜕z∕𝜕y represents the slope of the surface if you move in the positive
y-direction.
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x

y

(x0, y0)

z

At the point (x0, y0), the slope of the black curve is 𝜕z∕𝜕x and the slope of the blue curve is 𝜕z∕𝜕y.

But another visualization, more useful in many circumstances, comes from the “height of
a string” function y(x, t) from Section 4.1.
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This function has two different first derivatives with different meanings.

∙ 𝜕y∕𝜕x asks the question “how much does the height increase per unit distance as we
move to the right?” In a word, it gives the slope.

∙ 𝜕y∕𝜕t asks the question “how much does the height increase per unit time if we watch
one point on the string?” In a word, it gives the velocity.

Roughly speaking, 𝜕y∕𝜕x is how much higher the string is one unit further to the right, and
𝜕y∕𝜕t is how much higher the string will be at the point you’re looking at one unit of time
later.

Since we can take the derivative of either of these derivatives with respect to either variable,
there are four second derivatives.

∙ (𝜕∕𝜕x)(𝜕y∕𝜕x) asks the question “How much does the slope change per unit distance if
we move to the right?”

∙ (𝜕∕𝜕t)(𝜕y∕𝜕x) asks the question “How much does the slope change per unit time if we
watch one point and wait?”

∙ (𝜕∕𝜕x)(𝜕y∕𝜕t) asks the question “How much does the velocity change per unit distance
if we move to the right?”

∙ (𝜕∕𝜕t)(𝜕y∕𝜕t) asks the question “How much does the velocity change per unit time if
we watch one point and wait?”

The first item in this list, generally written as 𝜕2y∕𝜕x2, represents the concavity at a particular
point on the rope and moment in time. The fourth item in the list, 𝜕2y∕𝜕t2, represents the
acceleration of one point on the rope at one instant.

The middle two, 𝜕2y∕𝜕t𝜕x and 𝜕2y∕𝜕x𝜕t, are called “mixed partial derivatives,” or “mixed
partials” for short. Surprisingly, partial derivatives generally commute: that is, if you take the
same derivatives in a different order, you get the same result.
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Schwarz’ Theorem (also known as “Clairaut’s Theorem”): Equality of Mixed Partials

If (𝜕∕𝜕x)(𝜕z∕𝜕y) and (𝜕∕𝜕y)(𝜕z∕𝜕x) are both continuous at a given point (x, y), then they are equal to
each other at that point.

𝜕2z
𝜕x 𝜕y

= 𝜕2z
𝜕y 𝜕x

As an example of Schwarz’ theorem, consider the function z(x, y) = xexy2 .

𝜕z∕𝜕x = exy2 + xy2exy2

𝜕2z∕𝜕y𝜕x = 2xyexy2 + 2xyexy2 + 2x2y3exy2 = 4xyexy2 + 2x2y3exy2

𝜕z∕𝜕y = 2x2yexy2

𝜕2z∕𝜕x𝜕y = 4xyexy2 + 2x2y3exy2

The “continuous second derivatives” requirement is important formathematical accuracy,
but for most functions that engineers and physicists use you can assume the mixed partials
are equal. Problems 4.20–4.22 offer one look at why mixed partials come out the same.

Notation
The most common way to write a partial derivative is the one we’ve been using: 𝜕z∕𝜕x. An
alternative is a subscript, with or without a comma: z,x = zx = 𝜕z∕𝜕x. It’s also common in
physics to use a dot over a variable to mean a derivative with respect to time: ż = 𝜕z∕𝜕t.

In cases where there is potential ambiguity about which variable is being held constant,
you can indicate that with a subscript on the entire partial derivative:

𝜕z
𝜕x

||||y or
(
𝜕z
𝜕x

)
y
means partial derivative of z with respect to x, holding y constant

You’ll work through an example with ambiguity like this in Problem 4.27, and we’ll show
some important applications of this idea in Section 4.10 (see felderbooks.com).

4.2.3 Problems: Partial Derivatives

A number of the problems in this section ask you to explain the meaning of different partial derivatives
and/or their signs. In each case you should give answers that an average 12 year old could understand.
A poor answer would be “Traffic density decreases with respect to position, holding time constant.”
A good answer would be “There’s more traffic on the highway inside Memphis than there is outside
the city.”
4.1 A meteoroid descending into the atmo-

sphere travels a distance x before burn-
ing up entirely.1 This distance is a function
of (among other things) the meteoroid’s
initial speed v and its mass m.
In each of the parts below, explain the

meaning of the given partial derivative
in terms a 12 year old could understand.

Also give the units of the derivative and
whether you would expect it to be positive
or negative.
(a) 𝜕x∕𝜕v
(b) 𝜕x∕𝜕m
(c) List one other factor that the meteoroid’s

descent distance depends on. Then answer

1It’s a common mistake to refer to the rock as a “meteor,” which actually means the visible trail left by a meteoroid
as it burns up. If a meteoroid reaches the ground it becomes a “meteorite.” Now don’t you feel smart?
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the same questions for the partial deriva-
tive with respect to that variable.

4.2 The amount you pay in taxes depends on your
income I , your total number of dependents
d, and the amount you give to charity c.
In Parts (a)–(c), explain the meaning of

the given partial derivative in terms a 12 year
old could understand. Also give the units
of the derivative and whether you would
expect it to be positive or negative.
(a) 𝜕T∕𝜕I
(b) 𝜕T∕𝜕d
(c) 𝜕T∕𝜕c
(d) List one other factor that your taxes

depend on. Then answer the same
questions for the partial derivative
with respect to that variable.

4.3 Your puppy’s weight W depends on its caloric
intake c and how many hours per week you
walk it, h. In Parts (a)–(b), explain the mean-
ing of the given partial derivative in terms a
12 year old could understand. Also give the
units of the derivative and whether you would
expect it to be positive or negative.
(a) 𝜕W ∕𝜕c
(b) 𝜕W ∕𝜕h
(c) List one other factor that your puppy’s

weight depends on. Then answer the
same questions for the partial deriva-
tive with respect to that variable.

4.4 Consider a function u(x, y, z, t) that gives
the temperature of the air in a room
as a function of time.
(a) What would it mean physically if 𝜕u∕𝜕z > 0

at some point (x0, y0, z0, t0)?
(b) What would it mean physically if 𝜕u∕𝜕t = 0

at some point (x0, y0, z0, t0)?
(c) Is it possible for both of the above

statements to be true at the same
place and time?

4.5 The temperature u on Skullcrusher Moun-
tain depends on height h and time t.
(a) Everywhere on the mountain 𝜕u∕𝜕h

is negative. What does that tell you
about the mountain?

(b) Throughout the morning 𝜕u∕𝜕t is
positive. What does that tell you
about the mountain?

(c) Suppose 𝜕2u∕𝜕h2 is negative. What
would that mean? (Explain in the clear-
est and least technical language you
can, for the benefit of a mountain-
climber who knows no calculus.)

(d) Suppose 𝜕2u∕𝜕t2 is negative. What would
that mean? (Same comment.)

(e) Suppose 𝜕2u∕(𝜕t𝜕h) is zero. What
would that mean? (Same comment.)
There are two equally valid answers you
could give to this question.

For Problems 4.6–4.9 find the partial derivatives
𝜕f ∕𝜕x, 𝜕f ∕𝜕y, and 𝜕2f ∕𝜕x𝜕y.

4.6 f = xy2

4.7 f = x∕y

4.8 f = a cos(bxy) + ced∕y

4.9 f = sin x∕ cos y

4.10 If f (x, y, t) = aebx2y sin(𝜔t) find 𝜕f ∕𝜕t
and 𝜕2f ∕𝜕x𝜕y.

4.11 For the function f (x, y) = x∕cos y calcu-
late both mixed partial derivatives and
verify that they are equal.

4.12 For the function f (x, y) = xexy calculate
both mixed partial derivatives and ver-
ify that they are equal.

4.13 You are standing on a surface whose height
is given by the function z(x, y). At the spot
where you are standing, 𝜕z∕𝜕x = 5 and
𝜕z∕𝜕y = −5. Are you facing uphill or downhill if
you face…
(a) East (positive x-direction)?
(b) North (positive y-direction)?
(c) West (negative x-direction)?
(d) South (negative y-direction)?

4.14 You are standing on a surface whose height
is given by the function z = ex+y∕y2. Your
position is (1, 1, e2), and you are facing
in the positive x-direction.
(a) Do a calculation that proves that

you are looking uphill.
(b) If you move in the positive x-direction,

will the uphill slope in the x-direction
increase or decrease?

(c) If instead you move in the positive
y-direction—still facing in the positive
x-direction—will the uphill slope in the
x-direction increase or decrease?

4.15 If a battery with potential V is hooked across a
resistor of resistance R , a current flows whose
magnitude is I = V ∕R . (V , I , and R are all
positive quantities.) In Parts (a) and (b) your
final answers should be in language that would
make sense to someone who has never taken
calculus.
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(a) Calculate 𝜕I∕𝜕V . Is it positive or neg-
ative? What does this tell us about the
current through such a circuit?

(b) Calculate 𝜕I∕𝜕R . Is it positive or neg-
ative? What does this tell us about the
current through such a circuit?

(c) Demonstrate that 𝜕2I∕𝜕V 𝜕R = 𝜕2I∕𝜕R𝜕V .

4.16 A light source of strength S shining on an
object d meters away provides an illumination
given by I = kS∕d2 where k is a positive con-
stant and S and d are positive variables.
(a) Without doing any calculations, would

you expect 𝜕I∕𝜕S to be positive, neg-
ative, or zero? Explain your answer.
Then make a similar prediction and
explanation for 𝜕I∕𝜕d.

(b) Calculate 𝜕I∕𝜕S. Does its sign match
your prediction?

(c) Calculate 𝜕I∕𝜕d. Does its sign match
your prediction?

(d) Suppose you were looking at a 100 watt
light bulb and someone suddenly replaced
it with a 150 watt bulb. Would that have
a bigger effect on how much light you
see if the bulb were 1 m away from you
or if it were 100 m away? Based on your
answer, would you expect 𝜕2I∕𝜕S𝜕d
to be positive or negative?

(e) Calculate 𝜕2I∕𝜕S𝜕d. Does its sign
match your prediction?

(f) Calculate 𝜕2I∕𝜕d𝜕S and verify that
it equals 𝜕2I∕𝜕S𝜕d.

4.17 The angle 𝜙 in polar coordinates equals
tan−1(y∕x).
(a) Draw a picture showing 𝜙 at the point (1, 1)

and a nearby point (1 + dx, 1). Using that
picture predict whether you expect 𝜕𝜙∕𝜕x
to be positive or negative at that point.

(b) Add to your picture a point at (1, 1 + dy),
and use it to predict the sign of 𝜕𝜙∕𝜕y (1, 1).

(c) Using similar pictures, predict the
signs of the each of the derivatives
𝜕𝜙∕𝜕x and 𝜕𝜙∕𝜕y at the following
points: (0, 1), (−1, 1), (−1,−1).

(d) Calculate the derivatives 𝜕𝜙∕𝜕x and 𝜕𝜙∕𝜕y
at the point (1, 1) and check that the
signs match your predictions.

(e) Based on the signs you predicted for
𝜕𝜙∕𝜕y at the points (−1, 1), (0, 1), and
(1, 1), what would you expect for the
sign of 𝜕2𝜙∕𝜕x𝜕y at the point (0, 1)?
Explain your prediction, then calculate
𝜕2𝜙∕𝜕x𝜕y and check if it matches your
prediction.

4.18 In special relativity, the length of an object
is given by the formula L = L0

√
1 − v2∕c2

where L0 is the “rest length” of the object,
v is its speed, and c, the speed of light, is
a constant. (Note that v ≥ 0.)
(a) Calculate 𝜕L∕𝜕L0. Is it positive or negative?

What does this tell you about the length of
high-speed objects in special relativity?

(b) Calculate 𝜕L∕𝜕v. Is it positive or negative?
What does this tell you about the length of
high-speed objects in special relativity?

(c) Calculate lim
v→c−

(𝜕L∕𝜕v). Based on the result,
explain how you can guess the sign of
𝜕2L∕𝜕v2 without taking another derivative.

4.19 Planck’s Law of blackbody radiation
states that a completely black object will emit
radiation according to the formula:

I (𝜈,T ) = 2h𝜈3

c2
(

e
h𝜈
kT − 1

)
where I is radiated power, 𝜈 is the frequency of
emitted radiation, T is temperature in Kelvin,
and h, c, and k are positive constants.
(a) Calculate 𝜕I∕𝜕T . Is it positive or negative?

What does this tell you about the blackbody
radiation emitted by different objects?

(b) Calculate 𝜕I∕𝜕𝜈.
(c) Pick any three values for the ratio h∕(kT )

and plot 𝜕I∕𝜕𝜈 as a function of 𝜈 for each
of those values. (Assume you’re work-
ing in units where h = c = 1.)

(d) The three plots should all have the same
basic shape. Describe this shape and
explain what it tells you about the black-
body radiation emitted by an object.

(e) For each plot there should be a positive
value 𝜈 = 𝜈∗ for which 𝜕I∕𝜕𝜈 = 0. Estimate
that value for each temperature. How does
𝜈∗ depends on temperature? What does
that tell you physically about the black-
body radiation emitted by an object?

4.20 One way to represent a function of two vari-
ables is with a table of values. For instance,
the following table shows that z(3, 1) = 70.

z(x, y)
y \ x 1 2 3 4 5
1 10 50 70 80 85
2 9 49 69 79 84
3 7 47 67 77 82
4 4 44 64 74 79
5 0 40 60 70 75
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To estimate 𝜕z∕𝜕x(3, 1), you can look at the
average rate of change as x goes from 2 to 3
(holding y constant): (70 − 50)∕(3 − 2) = 20.
Then repeat the calculation as x goes from
3 to 4: (80 − 70)∕(4 − 3) = 10. Averaging the
two, we approximate 𝜕z∕𝜕x(3, 1) = 15.
(a) Estimate 𝜕z∕𝜕y(2, 3).
(b) Estimate 𝜕z∕𝜕y(3, 3).
(c) Estimate 𝜕z∕𝜕y(4, 3).
(d) Based on your three answers, esti-

mate 𝜕2z∕𝜕x𝜕y(3, 3).
(e) Use a similar method to estimate

𝜕2z∕𝜕y𝜕x(3, 3). The equality of mixed
partials tells us that your final answer
should come out the same as Part (d),
although the intermediate calculations
will be completely different.

4.21 [This problem depends on Problem 4.20.] Another
way to estimate a derivative from a table is to
skip the value you are interested in, and find
the average around it. For instance, to estimate
𝜕z∕𝜕x(3, 1) in Problem 4.20, you look at the two
values around the 70: (80 − 50)∕(4 − 2) = 15.
(a) Estimate 𝜕z∕𝜕y(2, 3) using this quicker

method.
To show that this method will always
work, consider the more generic
table of values below.

z(x, y)
y \ x 1 2 3 4 5
1 z11 z21 z31 z41 z51
2 z12 z22 z32 z42 z52
3 z13 z23 z33 z43 z53
4 z14 z24 z34 z44 z54
5 z15 z25 z35 z45 z55

(b) Compute 𝜕z∕𝜕x(3, 2) in this table by using
the “find two different rates of change and
average them” method from Problem 4.20.

(c) Compute 𝜕z∕𝜕x(3, 2) in this table by
using the quicker method demon-
strated in this problem.

4.22 [This problem depends on Problems 4.20 and 4.21.]
Calculate 𝜕2z∕𝜕x𝜕y(3, 3) and 𝜕2z∕𝜕y𝜕x(3, 3)
for the table of values given in Prob-
lem 4.21, to demonstrate the equality of
mixed partials more generally.

A differential equation is an equation involving
derivatives. If it involves partial derivatives, it’s called a
“partial differential equation.” In Problems 4.23–4.26
you should plug each of the given solutions into the
partial differential equation given in the problem to
see whether it’s a valid solution. In some cases more

than one of the solutions may work. (Any letters that
don’t appear in the derivatives are constants.)

4.23 𝜕f ∕𝜕t = c 𝜕f ∕𝜕x
(a) f (x, t) = cxt
(b) f (x, t) = c
(c) f (x, t) = (x + ct)2

(d) f (x, t) = (x − ct)2

(e) f (x, t) = x2 + ct2

4.24 “The Wave Equation”: 𝜕2y∕𝜕t2 = c2 𝜕2y∕𝜕x2.
This describes (among other things)
waves on a stretched string.
(a) y(x, t) = cxt
(b) y(x, t) = c
(c) y(x, t) = (x + ct)2

(d) y(x, t) = (x − ct)2

(e) y(x, t) = x2 + ct2

4.25 “The Heat Equation”: 𝜕u∕𝜕t = c2 𝜕2u∕𝜕x2.
This describes (among other things) tem-
perature along a thin rod.
(a) u(x, t) = x2 + 2c2t
(b) u(x, t) = cx
(c) u(x, t) = (x + ct)2

(d) u(x, t) = ex+c2t

4.26 𝜕f ∕𝜕t =
(
1 − x2

) (
𝜕2f ∕𝜕x2

)
− 2x(𝜕f ∕𝜕x).

Note that several of the proposed solutions
below involve functions that you may not
have heard of, but you can still use a com-
puter algebra program to take their derivatives
and check them in the given equation.
(a) f (x, t) = sin xe−2t

(b) f (x, t) = J1(x)e−2t (“Bessel function”)
(c) f (x, t) = P1(x)e−2t (“Legendre polynomial”)
(d) f (x, t) = Ai(x)e−2t (“Airy function”)
(e) f (x, t) = H1(x)e−2t (“Hermite polynomial”)

4.27 In cases where a function depends on sev-
eral variables that are related to each other,
the notation 𝜕f ∕𝜕x can be ambiguous with-
out a specification of what other variable is
being held constant. (We will take up this
issue in more detail in Section 4.10 (see
felderbooks.com).) To illustrate how that can
happen, suppose you are designing a box with
no top for your company to sell. The volume
is given by V = wlh where w, l , and h are the
width, length, and height respectively. You
want to use a fixed amount of material, given
by the surface area S = wl + 2wh + 2lh.
(a) Using the constraint that the surface

area S must remain constant, express
V as a function of w and l .
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(b) Find (𝜕V ∕𝜕w)l , meaning the rate of
change of the volume with respect to
w, holding the length l constant.

(c) Now express V as a function of w
and h and find (𝜕V ∕𝜕w)h .

(d) Compute (𝜕V ∕𝜕w)l and (𝜕V ∕𝜕w)h for the
case l = 1 m, h = 1 m, and S = 5 m2.

(e) You should have found in this case that
one of the two derivatives is zero and
the other is positive. Explain this result
in terms that could easily be under-
stood by a student who has never taken
calculus.

4.3 The Chain Rule
In this section we will see how the single-variable “chain rule” extends to multiple variables,
and use partial derivatives to estimate the total change of a function.

4.3.1 Discovery Exercise: The Chain Rule

We begin by considering a single-variable function y(x), with dy∕dx = 3.

1. Suppose y(40) = 100.
(a) What is y(41)?
(b) What is y(50)?
See Check Yourself #20 in Appendix L

2. In general, if you add an arbitrary amount Δx to x, how much does y go up?

We now consider a function of two variables z(x, y), with 𝜕z∕𝜕x = 3 and 𝜕z∕𝜕y = −5.
3. If x increases by 10 while y remains constant, what happens to z?
4. Suppose z(40, 40) = 100.

(a) What is z(50, 40)?
(b) What is z(40, 50)?
(c) What is z(50, 50)? Hint: you can get there from your answers to Part 4a or Part 4b. You

might want to try both in order to check your answer.
5. If z(3, 4) = 0, what is z(5, 7)?

4.3.2 Explanation: The Chain Rule

A pipe carries a stream of chocolate from one part of the Wonka Chocolate Factory to the
next. If you dip in a spoon, you will taste a sweetness S determined by the concentration
of cocoa c and the concentration of sugar g . So we will model the sweetness by a function
S(c, g ). (Cocoa is bitter, so 𝜕S∕𝜕c is negative, while 𝜕S∕𝜕g is obviously positive.)

The concentration of cocoa varies at different places in the pipe, and also changes over
time, so c is a function of x and t. The same is true of g .

Now imagine a chocolate-tasting fish swimming through the pipe, so its position x is a
function of t. The changes in x and t both lead to changes in c and g , which in turn lead to
changes in the sweetness S that the fish tastes. How can we calculate the rate at which the
fish will experience sweetness increasing or decreasing?

This is a complicated problem, but we can approach it systematically with the multivari-
ate chain rule. We will begin by reminding you of the single-variable chain rule, and then
show the multivariate chain rule in some simpler scenarios, before plunging into the river
of chocolate.

The Single-Variable Chain Rule
In single-variable calculus, you learned to use the chain rule to find the derivative of a com-
posite function. For instance, if z = sin

(
x2
)
then dz∕dx = cos

(
x2
)
2x.
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To understand the chain rule more generally, consider the breakdown of functions in that
example. We can write the problem like this:

z(y) = sin y
y(x) = x2

The chain rule then tells us that:

dz
dx

=
(

dz
dy

)(
dy
dx

)
(4.3.1)

Equation 4.3.1 looks good—the dy factors in the numerator and denominator cancel, leav-
ing dz∕dx—but many students have trouble connecting it to the chain rule. Our focus here is
not on “how to take the derivative of sin

(
x2
)
” but on how Equation 4.3.1 expresses the steps

in that process, as surely as f (x)g ′(x) + f ′(x)g (x) expresses the steps in the product rule.

Very Important Fact
When you write the chain rule, you write a series of
fractions that multiply so their numerators and
denominators cancel. This is not a new chain rule;

it is just a (possibly) new way of writing the
chain rule you learned in your first calculus
class.

Take a moment to calculate dz∕dy and dy∕dx and convince yourself that Equation 4.3.1
does represent the steps you take when you use the chain rule to find the derivative of
z = sin

(
x2
)
. (We’re serious; you’ll get a lot more out of this section if you stop now and

work through this. We’re just waiting…done? Okay, let’s move on.)
We use the chain rule whenever we have a chain of dependence among several variables.

The above example demonstrates the simplest possible case:

depends

on

z

depends

on

y

x

The chain rule tells us to move down the picture from z at the top to x at the bottom,
multiplying as we go.

A slightly more complicated case that might appear in an introductory calculus class is the
chain of functions: a(b) = eb , b(c) = cos(c), c(d) = ln(d). The chain rule tells us that:

da
dd

=
(da

db

)(db
dc

)( dc
dd

)
(4.3.2)

Once again, we urge you to convince yourself of two things.

1. Equation 4.3.2 makes perfect sense if you think of each derivative as a fraction, with
numerators and denominators canceling.
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2. This is really nothing new. If someone had asked you yesterday to take the derivative of
the function ecos(ln d), you would have gone through precisely the steps represented by
Equation 4.3.2—even though you might never have written the equation like that—in
order to end up with ecos(ln d)(− sin(ln d))(1∕d).

Adding Contributions from Different Variables
Consider a simplified version of the chocolate problem, in which the fish doesn’t swim; it
just rests on the bottom, experiencing a dS∕dt but not a dS∕dx. The dependency tree in this
case looks like this:

depends

on

S

depends

on

c

t

depends

on

g

t

You can calculate dS∕dt by following the chain rule down the tree from S to t, but in which
direction? The answer—and this is the key to applying the chain rule in any multivariate
situation—is that you go in all possible directions, and you add their contributions.

dS
dt

=
(
𝜕S
𝜕c

)(dc
dt

)
+
(
𝜕S
𝜕g

)(
dg
dt

)
(4.3.3)

You can convince yourself of Equation 4.3.3 with common sense. If the concentration of
cocoa is increasing by 3 units every minute, and every additional unit of cocoa decreases the
sweetness by 5, then the cocoa is decreasing the sweetness by 15 every minute. The effect
of

(
𝜕S∕𝜕g

) (
dg∕dt

)
similarly measures the increase (or decrease) based on the changing

sugar concentration. The new element, the “plus” between the two terms, indicates that you
experience both effects at once.

dy
dx

The total change in z is the sum of the changes due
to changing x and y.

A different example makes this result
more visual: consider graphing a function
z(x, y), so z is the height above the xy-plane.
As youmove along the surface, you change
your x- and y-coordinates simultaneously,
and your z-coordinate changes in response
(since you are staying on the surface).
How fast does z change? We answer this
question by replacing one diagonal step
across the xy-plane with two perpendicular
steps. If you take a step in the positive
x-direction, the height increases by
(𝜕z∕𝜕x)dx. A step in the positive y-direction
increases the height by (𝜕z∕𝜕y)dy. The two
effects combine when you take a diagonal
step, so dz = (𝜕z∕𝜕x)dx + (𝜕z∕𝜕y)dy. (The
Discovery Exercise, Section 4.3.1, was
designed to bring you to this conclusion
on your own.)
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EXAMPLE The Chain Rule

Question: Consider the surface represented by the function z = x2∕y. A point moves
along that surface with x = sin t and y = ln t. How fast is the point’s height changing
as a function of time?

Answer:
The chain rule tells us that:

dz
dt

=
(
𝜕z
𝜕x

)(dx
dt

)
+
(
𝜕z
𝜕y

)(
dy
dt

)
=
(
2x
y

)
cos t +

(
−x2

y2

)(1
t

)
= 2 sin t cos t

ln t
− sin2 t

t(ln t)2

If we approach the same problem without the multivariate chain rule, we begin by
writing z(t) = sin2 t∕ ln t and use the quotient rule:

dz
dt

=
ln t (2 sin t cos t) − sin2 t∕t

(ln t)2

It doesn’t take much more algebra to show that the two results are the same.

Back to the River of Chocolate
We began this section with a fish swimming through a chocolate river. The scenario describes
the chain of dependence shown in Figure 4.2.

No matter how complicated such a chain is, once you have drawn it, it isn’t hard to use.
If you want the change in sweetness with respect to time, trace down all the paths from S to
t, adding all their effects:

dS
dt

= 𝜕S
𝜕c

𝜕c
𝜕x

dx
dt

+ 𝜕S
𝜕c

𝜕c
𝜕t

+ 𝜕S
𝜕g

𝜕g
𝜕x

dx
dt

+ 𝜕S
𝜕g

𝜕g
𝜕t

(4.3.4)

If there were any branches of the dependency tree that didn’t end in t, then dS∕dt wouldn’t
be a meaningful quantity. For example, we could define a quantity R(x, t) as the sweetness
of the river. (At any given place and time, the river has a certain sweetness, regardless of the
fish.) We could speak of 𝜕R∕𝜕t: at a given place and time, the river’s sweetness is increasing
by this much. But we could not speak of a dR∕dt because the river doesn’t have a single
sweetness at each time. Recalling that S is the sweetness experienced by the fish, dS∕dt exists

depends

on

S

depends

on

depends

on

c

t

x t

depends

on

t

x t

depends

on

g

FIGURE 4.2

because the fish does experience a particular sweetness at each time.
In terms of dependency trees, R depends on x, y, z, and t, but none
of those are functions of the other ones.

With a bit of practice, you can easily write a chain rule for any
given dependency diagram. If we now gave you specific functions
that describe the fish’s position as a function of time, and the con-
centration of cocoa as a function of time and position, and so on, you
could calculate change in sweetness as seen by the fish.Of course this
problem is deliberately silly, but this technique is important in many
areas of physics and engineering; you will see some serious examples
in the problems.

Total Derivatives and Partial Derivatives
Focus for a moment on the left-hand branch of Figure 4.2. The tree
allows us to find the rate of change of c, the concentration of cocoa:

dc
dt

= 𝜕c
𝜕x

dx
dt

+ 𝜕c
𝜕t

(4.3.5)
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It isn’t hard to follow the diagram and write the correct equation. Here’s the hard part: how
do we make sense of an equation that contains two different “derivative of c with respect
to t” quantities? Discussing what these two quantities mean, and how they differ from each
other, offers us a window into the more general issue of total derivatives (dc∕dt) and partial
derivatives (𝜕c∕𝜕t).

Remember that the cocoa concentration is changing over time for two reasons. First, c is
different in different places, which matters because the fish is moving. Second, c is different
at different times. Both of these factors contribute to the overall change the fish experiences.
If both factors cause increases, the fish will experience an extra-large cocoa increase; if one
causes a decrease, they may cancel each other out.

The quantity 𝜕c∕𝜕t isolates one of these changes, the part that is directly due to the fact
that concentration depends on time; it ignores the indirect effect due to the fact that the
concentration depends on position, which in turn depends on time. To put it another way,
𝜕c∕𝜕t represents the rate of concentration change the fish would see if it stopped swimming.
(Note from Equation 4.3.5 that dc∕dt and 𝜕c∕𝜕t are the same if dx∕dt = 0.) On the other
hand, dc∕dt takes into account both the direct and indirect effects.

So whenever you see a total derivative, you know that “If this variable changes by this
much, that variable will change by that much.” If dc∕dt is a constant 5, wait 3 s and c will go
up by 15 for the fish. A partial derivative tells you much less: “If this variable changes while
all other variables remain constant” is, in many cases, an impossible scenario. (If the fish is
swimming, you cannot literally change t without also changing x.) The partial derivative is
still useful, but often only as a step toward finding the total derivative.

Differentials (or “Our Friends, dx and 𝜕x”)
When you write dx∕dt, what do the dx and dt parts by themselves mean?

Manymathematicians will quickly tell you that they don’tmean anything at all. The expres-
sion dx∕dt is not actually a fraction; it is an atomic piece of notation thatmeans “the derivative
of x with respect to t.” But engineers and scientists don’t treat it that way at all. We call dt
a “differential” and view it as a small change in time, a little cousin of Δt. The statement
dx∕dt = 5 means that if t changes by a small dt, that will cause a small change dx, and the
ratio “dx divided by dt” will be 5.

With this perspective the following statements are easily explainable, instead of looking
like a collection of coincidences.

∙ The chain rule da∕dc = (da∕db)(db∕dc) looks like fractions canceling.
∙ In general, dx∕dy is the reciprocal of dy∕dx. For instance, if dy∕dx = 2x then dx∕dy =

1∕(2x). (Go on, try it. You know you want to.)
∙ You can solve some differential equations by multiplying both sides by dx and then

integrating.
∙ The units of dy∕dx are the units of y divided by the units of x. For instance, if x is in

meters and t in seconds, then dx∕dt is meters/second.

This is not just a philosophical issue. Understanding dx in this way is vital to setting up
integrals, as we will discuss extensively in Chapter 5. Differentials are used extensively in
thermodynamics, where you will be expected to work with equations such as the “thermo-
dynamic identity” dU = T dS − P dV . (“If S changes by this much while V changes by that
much, then how much will U change?”)

Differentials can also be viewed as margins of error. For instance, the kinetic energy of a
Newtonian object is E = (1∕2)mv2. Based on this equation, we can write:

dE = mv dv + (1∕2)v2 dm (4.3.6)
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Divide both sides by dt and you have an equation relating dE∕dt to dv∕dt and dm∕dt. But you
can also take Equation 4.3.6 on its own, to say that if the velocity is 10 ± .1 m/s and the mass
is 30 ± .01 kg, then the energy is (1500 ± 30.5) J.

But if it is vital to understand that dx can be treated as a variable, it is also important to
know that 𝜕x cannot! If you try to multiply both sides of an equation by 𝜕t or cancel 𝜕t out
of the top and bottom of a fraction you will at best get something meaningless and at worst
get an equation that is simply wrong. You will explore this issue in Problem 4.50.

4.3.3 Problems: The Chain Rule

4.28 Consider a function z(x, y) where x depends on
a and b, y depends on b, and a depends on b.
(a) Draw the dependency tree described

in the problem.
(b) Using the dependency tree you just drew,

write the chain rule that tells you dz∕db.
(c) Take z = x2 − y2, x = a3eb , da∕db = 2e2b

and dy∕db = 14e7b . Use the chain rule
you just wrote to calculate dz∕db. Use
the properties of exponents to simplify
your answer as much as possible.

4.29 [This problem depends on Problem 4.28.] Make
up two functions a(b) and y(b) that have the
derivatives given in Problem 4.28. Plug these
and the functions given in that problem to
write a function z(b). Take the derivative of
this function and verify that you get the same
answer you got in Problem 4.28.

4.30 Consider a function f (x, y) where x depends
on p and q; y depends on b; q depends on p, a,
and b; p depends on a; and a depends on b.
(a) Draw the dependency tree that the

problem just described.
(b) Using the dependency tree you just

drew, write the chain rule that tells
you df ∕db.

4.31 z = xeey, x = 4t + 5, and y = 2 − t.
(a) Draw the dependency diagram

for this situation.
(b) Calculate dz∕dt using your depen-

dency diagram.
(c) Find the function z(t) and take its

derivative directly. Show that your
two results are equal.

4.32 z = x(y2 + 1), x = uv, and y = (u + v)3.
(a) Draw the dependency diagram

for this situation.
(b) Calculate 𝜕z∕𝜕u and 𝜕z∕𝜕v using your

dependency diagram.
(c) Find the function z(u, v) and take

its derivatives directly.

4.33 The buoyancy B of a hot air balloon depends
on the balloon’s volume V , the density of the
air in the balloon 𝜌b , and the density of the sur-
rounding atmosphere 𝜌atm . The density of the
atmosphere depends on the altitude h. The
density of the air in the balloon depends on
the altitude h and the balloon’s temperature
T . Both h and T depend on the time t.

(a) Draw the dependency tree for B.
(b) Write the chain rule for dB∕dt, assuming

the volume of the balloon stays constant.
(c) In the Explanation (Section 4.3.2), we

said that dB/dt can only exist if the
dependency tree for B ends at t on every
branch. This problem seems to violate
that rule; explain why it doesn’t.

4.34 If a potential V is applied across a resis-
tor R , the power lost across the resistor is
given by the formula P = V 2∕R .
(a) Find the derivatives 𝜕P∕𝜕V and 𝜕P∕𝜕R .
(b) As the potential and resistance both

change, how fast does the power change?
(In other words, find dP∕dt as a func-
tion of V , R , dV ∕dt, and dR∕dt.)

(c) If V = V0e
−t and R = R0 sin t, find dP∕dt.

4.35 If a basketball team makes p three-point shots,
g field goals, and f free throws, its score is s =
3p + 2g + f . Of course, as the game proceeds,
all of these variables are functions of time.
(a) Draw the dependency diagram

for this situation.
(b) Calculate ds∕dt as a function of dp∕dt,

dg∕dt, and df ∕dt.
(c) If the team scores 1 3-point shot every

5 min, 1 field goal every 2 min, and
1 free point shot every 3 min, how fast
does its score change per minute?

4.36 A snowball rolls down a hill, its mass m and
velocity v both changing with time.

(a) Momentum is given by the formula p = mv.
Write an equation for ṗ as a function of m,
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v, ṁ, and v̇. (Remember that a dot indi-
cates a derivative with respect to time.)

(b) Kinetic energy is given by the formula
E = (1∕2)mv2. If the snowball is gaining
0.2 kg of mass each second, it’s speeding
up by 0.1 m/s each second, and its current
mass and speed are 12.5 kg and 3.2 m/s,
how fast is its kinetic energy increasing?

4.37 According to the Stefan-Boltzmann law, the
power emitted by a star is given by P = 𝜎AT 4,
where A is the star’s surface area (4𝜋R2), T is
its surface temperature, and 𝜎 = 5.67 × 10−8 J
s−1 m−2 K−4. Near the end of its life our sun will
expand to become a “red giant.” As it expands
its radius R will increase at approximately 10−5

m/s while its surface temperature will decrease
at roughly 10−13 K/s. Assuming it starts at its
current state with R ≈ 7 × 108 m and T ≈ 6000
K, how fast will its total power output change
as it expands toward the red giant phase?

4.38 Consider a function F (x, y) with known deriva-
tives 𝜕F ∕𝜕x and 𝜕F ∕𝜕y. Find formulas for
the derivatives 𝜕F ∕𝜕𝜌 and 𝜕F ∕𝜕𝜙, where 𝜌

and 𝜙 are the polar coordinates.

4.39 Object A is moving with velocity vAB rela-
tive to object B, and B is moving with veloc-
ity vBC (in the same direction) relative to
object C. According to special relativity, the
velocity of A with respect to C is:

vAC =
vBC + vAB

1 + vBC vAB∕c2

where c, the speed of light, is a constant. If
vAB = 0.7c, dvAB∕dt = .1c∕s, vBC = 0.8c, and
dvBC∕dt = −.2c∕s, how fast is the velocity
of A with respect to C changing? (If you’ve
studied relativity you might wonder what
reference frame t is measured in. Physically
interpreting these derivatives can be tricky, but
this has no effect on the calculations we’re
asking for.)

4.40 The temperature at a point (x, y) is T (x, y),
measured in degrees Celsius. The temper-
ature function is independent of time and
satisfies 𝜕T∕𝜕x(2, 3) = 4 and 𝜕T∕𝜕y(2, 3) = 3,
where x and y are measured in centimeters. A
bug crawls so that its position after t seconds is
given by x =

√
1 + t, y = 2 + t∕3. How fast is the

temperature rising on the bug’s path after 3 s?

4.41 A small metal ball with charge q at a dis-
tance r from a large charge Q experiences
a force F = −kqQ∕r 2, where k is a constant.

The ball is moving away from the large charge
at a rate dr∕dt while charge is being added
to it. If you measure that the force on it is
changing at a rate dF ∕dt, how fast must the
charge be getting added to the ball? (Assume
the large charge Q stays constant.)

4.42 A can is manufactured as a right circular
cylinder. The radius is r = 3′′ with a margin
of error of dr = .01′′. The height is h = 6′′

with a margin of error of dh = .001′′.

h

r

(a) Calculate dV , the margin of error
of the volume.

(b) Calculate dA, the margin of error
of the surface area.

4.43 In order to measure the total force F on a
particle you measure its mass and acceler-
ation to be m ± dm and a ± da. What is the
uncertainty in your measurement of F ?

4.44 When an object is at a distance o from a
thin lens with focal length f , it projects an
image at a distance i from the lens accord-
ing to the lens equation: (1∕o) + (1∕i) =
(1∕f ). You place an object at (3.2 ± 0.3) cm
from a lens with focal length (1.7 ± 0.2) cm.
Predict the image distance i, including the
uncertainty in the prediction.

4.45 If you stand outside, the perceived temperature
T you feel depends on the actual outside tem-
perature u and the amount of clothing c you
are wearing. However, the amount of clothing
you wear depends on the outside temperature.
(a) Draw the dependency diagram

for this situation.
(b) Your dependency diagram should allow you

to conclude that dT∕du = (𝜕T∕𝜕c)(dc∕du) +
(𝜕T∕𝜕u). Explain the meanings of the quan-
tities dT∕du and 𝜕T∕𝜕u. Your explanation
should explain how these two quantities
are different from each other, and how
the former depends on the latter.
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4.46 Explain why we wrote dx∕dt and not 𝜕x∕𝜕t on
the right-hand side of Equation 4.3.4.

4.47 Consider a fly buzzing around a room. The
temperature Tfly that the fly feels at any given
moment depends on the fly’s position (because
temperature varies throughout the room) and
the time (because the temperature through-
out the room is changing). The fly’s posi-
tion is, of course, a function of time.
(a) Describe in terms accessible to an

average 12 year old what 𝜕Tfly∕𝜕t and
dTfly∕dt represent physically.

(b) Describe a situation in which dTfly∕dt
is positive and 𝜕Tfly∕𝜕t is negative. Give
enough detail to explain why the two
derivatives have the signs they do. Your
explanation should not contain any math
terms like “with respect to” or “hold-
ing…constant,” but should just be a
description of what’s happening in the
room and what the fly is doing.

(c) Consider the function Troom(x, y, z, t).
Explain why dTroom∕dt doesn’t
mean anything.

(d) We use Troom and Tfly to represent two
different variables. However, 𝜕Troom∕𝜕t
and 𝜕Tfly∕𝜕t are equal. Why?

(e) We said in the Explanation (Section 4.3.2)
that you can only calculate a total derivative
df ∕dx if all the branches of the depen-
dency tree for f end with x. Draw the
dependency trees for Tfly and Troom and
use them to verify that dTfly∕dt is a mean-
ingful quantity and dTroom∕dt isn’t.

4.48 In older physics textbooks it was common to
talk about “relativistic mass,” which increases
as an object goes faster. In such a formula-
tion, the energy of a moving object depends
on its velocity v and its relativistic mass m,
while m in turn depends on v.
(a) Draw a dependency tree for the energy E .
(b) Write the chain rule for dE∕dv.
(c) For each of the derivatives in your answer

to Part (b) (including dE∕dv itself)
explain whether you would expect it to
be positive or negative, and why.

4.49 A mountain climber feels a temperature
u that depends on the climber’s height
h and the time t. Of course the climber’s
height also depends on the time.
(a) Draw a dependency tree for the

temperature u.

(b) Write the chain rule for du∕dt.
(c) Assume the climber is ascending the

mountain sometime around sunrise. For
each of the derivatives in your answer to
Part (b) (including du∕dt itself) explain
whether you would expect it to be pos-
itive or negative, and why.

4.50 Exploration: The Meaning of 𝜟𝒙, 𝒅𝒙 and 𝝏𝒙

The local cheese factory is growing. They
are adding two new cheese presses every
day, and each cheese press can make 300 lb
of cheese per day. In this part of the prob-
lem you will be working with only three
variables: Δt (time interval), Δp (change
in number of cheese presses), and Δc
(change in daily cheese output).
(a) How quickly is the daily cheese out-

put increasing? (Your answer will be
a number, with units.)

(b) Express the statement “they are adding two
new cheese presses every day” in terms of
our three variables. Hint: It isn’t just Δp = 2.

(c) Express the statement “each cheese press
can make 300 lb of cheese per day” in
terms of our three variables.

(d) Write an equation that shows how you
got the answer to Part (a). Your equation
should be based on our three variables,
and should not contain any specific
numbers.

Unfortunately, mice have gotten into the
factory. Every day brings five more mice, and
every mouse eats 1/10 lb. of cheese every
day. In addition to the three variables above,
you will now also work with Δm.
(e) Now how quickly is the daily cheese

output increasing?
(f) Write an equation that shows how

you got the answer to Part (e). Your
equation should be based on our four
variables with no numbers. Your equation
should contain Δc in three places,
but it won’t mean the same thing in
each place.

(g) In each place Δc appears in your equation
in Part (f), what does it mean? (Answer
separately for each of the three places.)

(h) In the limit as Δt → 0, all the Δ vari-
ables become d or 𝜕. Rewrite your
answer to Part (f) in this case.

(i) Explain, based on this problem, why dc is
a meaningful variable but 𝜕c is not.
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4.4 Implicit Differentiation
When an equation expresses a relationship between two ormore variables, “implicit differen-
tiation” allows you to find the rate of change of one of these variables with respect to another,
without having to solve for one of the variables first.

4.4.1 Discovery Exercise: Implicit Differentiation

The equation x2 + y2 = 25 describes a circle with radius 5 centered on the origin.

‒6 ‒4 ‒2 2 4 6
x

‒6

‒4

‒2

2

4

6

y
Answer questions 1–6 by looking at the picture.

(No algebra should be required.)

1. What is the slope of this curve at the point
(0, 5)?

2. What is the slope of this curve at the point
(5, 0)?

3. What is the slope of this curve approaching as
you approach the point (5, 0) from above?

See Check Yourself #21 in Appendix L

4. What is the slope of this curve approaching as
you approach the point (5, 0) from below?

5. What is the slope of this curve at the point
(5∕

√
2, 5∕

√
2)?

6. What is the slope of this curve at the point
(5∕

√
2,−5∕

√
2)?

For questions 7–10, approximate the answers by looking at the picture. No two of your answers
should be the same.

7. What is the slope of this curve at the point (4, 3)?
8. What is the slope of this curve at the point (3, 4)?
9. What is the slope of this curve at the point (4,−3)?

10. What is the slope of this curve at the point (3,−4)?
11. You can write the slope of this curve as a function of x and y. Guess at such a

function for this curve. Your function m(x, y) should exactly match your answers to
questions 1–6, and should approximately match your answers to questions 7–10.

4.4.2 Explanation: Implicit Differentiation

The pressure, volume, and temperature of gas inside an expandable container can in some
circumstances be modeled by the equation2

an2

V
+ PV = nRT (4.4.1)

Here n is the number of moles of gas and a and R are constants. Suppose we change the
temperature and pressure at controlled rates dT∕dt and dP∕dt and we want to know how
quickly the volume will change in response.

2You may recognize this as a variation of the more familiar “ideal gas law” PV = nRT . This equation takes into
account some surface effects that are neglected by the ideal gas law. This is a simplified version of the “van der
Waals” equation, which you will use in Problem 4.72.
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One approach to this problem would be to first solve Equation 4.4.1 for the volume, and
then find dV ∕dt with the multivariate chain rule. However, that first step can be messy (as it
is in this case) or impossible. We therefore find dV ∕dt without first solving for V , a process
called “implicit differentiation”: we take the derivative of both sides of the equation with
respect to time.

The right-hand side of Equation 4.4.1 is simply a constant times the function T (t), so its
derivative is nR(dT∕dt). To take the derivative of the left-hand side we have to use the chain
rule and the product rule.

−an2

V 2
dV
dt

+ P dV
dt

+ V dP
dt

= nR dT
dt

Then we solve for dV ∕dt to get

dV
dt

=
nR(dT∕dt) − V (dP∕dt)

P − (an2∕V 2)

If you’ve never seen this process before, those derivatives are likely to throw you. Why isn’t
the derivative of 1∕V just −1∕V 2? The answer is that we are taking the derivative with respect
to time. To see why that matters, it may help to consider a few specific functions.

∙ The derivative of 1∕(ln t) is −1∕(ln t)2 × (1∕t).
∙ The derivative of 1∕(sin t) is −1∕(sin2 t) × (cos t).
∙ The derivative of 1∕(3t2 + 5t + 12) is −1∕(3t2 + 5t + 12)2 × (6t + 5).

Do you see the pattern? For any function f (t), the derivative of 1∕f is −(1∕f 2) × (df ∕dt). We
applied the chain rule as always, but in this case we applied it to a function V (t) that we don’t
know, so when we did the step that says “multiply by the derivative of what’s inside” we wrote
dV ∕dt instead of some specific function of t.

EXAMPLE Implicit Differentiation

Problem:
The quantities x(t), y(t), and z(t) are related by exy∕z2 = 2. Find ż in terms of ẋ and ẏ.
(Remember that a dot means “derivative with respect to time.”)

Solution:
Take the derivative of both sides with respect to t. First use the chain rule to take the
derivative of the exponential times the derivative of what’s inside. Then use the
quotient rule on the fraction. Finally, use the product rule for the derivative of the
numerator. That sounds like a lot of steps, but each one is straightforward.

exy∕z2
(

z2(xẏ + yẋ) − 2xyzż

z4

)
= 0

This can only be satisfied if the numerator of the fraction is zero. That gives us a
simple equation we can solve for ż.

ż = z
2xy

(xẏ + yẋ)
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4.4.3 Problems: Implicit Differentiation

4.51 Walk-Through: Implicit Differentiation. The
functions x(t), y(t), and z(t), are related to each
other and to t by the following equation.

x2y − ex + z2t = 0

You are going to find the derivative dx∕dt.
(a) Take the derivative of both sides of this

equation with respect to t. You’ll need
to use the product rule where two func-
tions are multiplied by each other, and
you’ll need to use the chain rule for
composite functions such as x2.

(b) Solve the resulting equation for dx∕dt.
Your answer should depend on the values
of all three functions, both constants, the
derivatives dy∕dt and dz∕dt, and t itself.

(c) At t = 1 s, x = 0, y = 0, and z = 1. If
y is increasing at a rate of 5 per sec-
ond and z is increasing at a rate of
3 per second, estimate x(1.1).

(d) Why is your answer to Part (c)
only approximate?

In Problems 4.52–4.56 you will be given an equation
relating the functions f (t), g (t), and h(t). Find the
derivative df ∕dt in terms of f , g , h, dg∕dt and dh∕dt.
Assume any letters other than f , g , h, and t represent
constants.

4.52 f 2g 3 − h∕f = 0

4.53 f cos(gh) + ef ∕h = h

4.54 fgh = teaf

4.55 ag + bh + cf = t∕f

4.56 t2f + ag∕t = hebf

4.57 Consider the curve x4 + x2 + y2 + y4 = 1.
(a) Take the derivative of both sides of

this equation with respect to x. Hints:
The derivative of y2 is not just 2y, and
the derivative of 1 is not 1.

(b) Solve the resulting equation to find a for-
mula for dy∕dx as a function of x and y.

(c) Find the slope of this curve at the
point (0.2, 0.77).

(d) Find the slope of this curve at the
point (0.2,−0.77).

4.58 In the Discovery Exercise (Section 4.4.1),
you found the slope of the curve x2 + y2 =
25 at various points. Use implicit differen-
tiation to find the slope of this curve as a

function of x and y. Verify that your for-
mula matches the shape of the circle at the
points (0, 5), (5, 0), and (5∕

√
2, 5∕

√
2).

4.59 [This problem depends on Problem 4.58.] In Prob-
lem 4.58 you found a formula for the slope of
the curve x2 + y2 = 25 as a function of x and y.
(a) To find d2y∕dx2, take the derivative of your

answer with respect to x. Note that this
will require implicit differentiation once
again. (Use the quotient rule, remember-
ing that the derivative of y is dy∕dx.)

(b) Where you wrote dy∕dx in your answer
to Part (a), substitute the formula that
you found in Problem 4.58. You now
have a formula for the concavity of the
circle as a function of x and y.

(c) Simplify your answer as much as possi-
ble. The fact that x2 + y2 = 25 on this
curve will be useful here.

(d) Where does your formula predict that this
curve is concave up, and where does it
predict concave down? Does this result
match the shape of the circle?

4.60 The function x3 + y3 = 1 describes a curve.
(a) Take the derivative of both sides with

respect to x, using y′ to represent the
derivative of y with respect to x.

(b) Solve the resulting equation for y′(x, y).
Simplify as much as possible.

(c) Based on your answer, where is this curve
increasing? Where is it decreasing?

(d) Take the derivative of your answer from
Part (b) with respect to x. Your answer
will be a function y′′(x, y, y′).

(e) Substitute your answer from Part (b)
for y′ into your answer to Part (d). Sim-
plify the resulting expression as much
as possible. For the final simplification,
you will replace x3 + y3 with 1.

(f) Based on your answer to Part (e),
where is this curve concave up?
Where is it concave down?

(g) Solve the equation x3 + y3 = 1 for y,
and take the first and second deriva-
tives of the resulting function. Con-
firm that your answers match your
answers to Parts (b) and (e).

(h) Graph the function. Confirm
that the resulting function matches
your predictions.
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4.61 A curve is defined by the relation
y3 + y = ex + x.
(a) Use implicit differentiation to find

the slope of this curve. Call the result-
ing function m(x, y).

(b) Is m(x, y) positive or negative? Explain
in words what this tells us about
the shape of the curve.

(c) Plot y3 + y = ex + x on a computer
and confirm that it matches you said
in Part (b).

In Problems 4.62–4.64, find the slope and concavity
of the given curve as functions of x and y. It may help
to first work through Problem 4.60 as a model.
Simplify your answers as much as possible.

4.62 x3∕2 + y3∕2 = 1

4.63 x + y = xy

4.64 ln y∕y = 3x

In Problems 4.65–4.69 you will use implicit
differentiation to find the derivatives of “inverse
functions.”

4.65 In this problem you will show that the
derivative of ln x is 1∕x.
(a) Starting with the equation y = ln x,

solve for x.
(b) Take the derivative of both sides of the

resulting equation with respect to x.
(c) Solve the resulting equation for dy∕dx.

The answer will be a function of y.
(d) Finally, use substitution to express your

answer in terms of x. (Remember the rela-
tionship between x and y in this problem!)

4.66 [This problem depends on Problem 4.65.] Find
the derivative of y =

√
x by following the

same steps you took in Problem 4.65.

4.67 In this problem you will find the
derivative of sin−1 x.
(a) Starting with the equation y = sin−1 x,

solve for x.
(b) Take the derivative of both sides of the

resulting equation with respect to x.
(c) Solve the resulting equation for dy∕dx.

The answer will be a function of cos y.
(d) Convert your answer to a function of sin y,

using the identity sin2 y + cos2 y = 1.
(e) Finally, use substitution to express your

answer in terms of x. (Remember the
relationship between x and y in this
problem!)

4.68 [This problem depends on Problem 4.67.] Find
the derivative of y = cos−1 x by following the
same steps you took in Problem 4.67.

4.69 [This problem depends on Problem 4.67.] Find
the derivative of y = tan−1 x by following the
same steps you took in Problem 4.67. You will
need to know that the derivative of tan x is
sec2 x, and the identity tan2 x + 1 = sec2 x.

4.70 The amount of something (S) in a vat is
related to the amount of goop (G) and
yucky glop (Y ) by the equation

S2 = aGY + bec(G∕Y )

where a and b are constants. If you’ve
measured the rates of change dS∕dt and
dG∕dt, find the rate dY ∕dt.

4.71 An airplane passes a distance h over a con-
trol tower heading upward at a 40◦ angle,
as shown below. D is the distance from the
control tower to the airplane and s is the
distance the airplane has traveled since
passing over the control tower.

h

s

D

40°

(a) Write an equation relating D to s and
h. (Hint: The quickest way involves
the law of cosines.)

(b) Differentiate the equation you just wrote
and solve for dD∕dt as a function of D, s, h,
and ds∕dt. (Remember that h is the height
of the airplane at the moment it passes over
the control tower, so it’s a constant.)

(c) If the airplane passed 3 km over the control
tower and has traveled 5 km since then at a
constant speed of 600 km/h, how fast is its
distance from the control tower increasing?

4.72 The van der Waals equation of state relates
the pressure, volume, and temperature
of a gas by the following equation where
a, b, n, and R are all constants.

PV + an2

V
− nbP − abn3

V 2
= nRT
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(a) Assuming dP∕dt and dT∕dt are known,
find a formula for dV ∕dt.

(b) The Explanation (Section 4.4.2) solved
this problem for the case b = 0. Check
your answer by verifying that it reduces
to our answer in this case.

4.73 When an object is placed near a thin mag-
nifying glass it can project an image onto
a piece of paper on the other side of the
glass. The distance from the glass to the
object o and the distance from the glass to
the image i are related by the “thin lens
formula.”

1
f
= 1

o
+ 1

i

Here f is the “focal length” of the magnify-
ing glass. Assume a magnifying glass has focal
length 3 cm and you are holding a piece of
paper at a distance of 8 cm from it. If the
object is moving away from the glass at 2 cm/s
how fast do you need to move the piece of
paper away to keep the image in focus on
the paper?
(a) First answer this question by using implicit

differentiation to take the derivative
of the thin lens formula with respect
to time.

(b) Next answer by solving the thin
lens formula for i and then tak-
ing the derivative directly. Make
sure you get the same answer both
ways.

4.74 An economic rule of thumb states that to max-
imize profit you should set the price P for a
product so that it is related to the “marginal
cost” M (cost to produce one more unit)
and the “price elasticity of demand” E (a
measure of how much demand drops as the
price increases) according to the following
equation.

P − M
P

= − 1
E

(Note that E is a negative number; otherwise
this formula would make no sense.) Assume
you are selling widgets that have a marginal
cost of $2 and you have found the optimal
price to be $4. If your marginal cost is going up
50 cents every month and your market research
shows that the price elasticity of demand is
decreasing (becoming more negative) at a
rate of 0.2 per month, how fast should you
change your price to keep it at the optimal
level?

4.75 The Cobb–Douglas production function mod-
els the production of a commodity with the
equation Y = AL𝛼K 𝛽 where Y is the total value
of the commodity produced, L and K are the
input of labor and capital respectively, and
A, 𝛼, and 𝛽 are constants related to overall
productivity (e.g., the technology level).
(a) If you want to increase production at a

specified rate dY ∕dt, but the available
labor is decreasing at a rate dL∕dt, how fast
must you increase the capital input?

(b) In the previous part you took A, 𝛼, and
𝛽 to be constants. Now suppose that
increased technology is improving the
productivity of labor at a rate d𝛼∕dt. Still
treating A and 𝛽 as constants, how fast
must you now increase capital input to
keep productivity rising at the desired
rate dY ∕dt?

4.76 Exploration: A Formula for Implicit Differen-
tiation. Any implicit differentiation problem
with two variables begins with an equation
relating those two variables. This equation
can always be expressed in the form F (x, y) = k
where k is a constant. By solving that generic
equation for dy∕dx, you derive a formula for
the derivative of any such function.
The dependency tree in this situation

looks like this:

depends

on

F

x

depends

on

y

x

(a) Starting with the equation F (x, y) = k, take
the derivative of both sides with respect
to x. Use the dependency tree drawn above
to expand the left side of your result.

(b) Solve the resulting equation for dy∕dx.
(c) Use the formula you found in Part (b) to

find the slope of the circle x2 + y2 = 25.
(d) If you haven’t already solved Problem 4.58

use implicit differentiation directly on
the formula x2 + y2 = 25 to find dy∕dx
and check that it matches your answer to
Part (c).
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4.5 Directional Derivatives
We have seen that a multivariate function has two or more “partial derivatives,” and we have
discussed how to use them to answer certain types of questions about the rate of change of
such a function. In this section we begin to look more generally at the question of how fast
a multivariate function is changing.

4.5.1 Discovery Exercise: Directional Derivatives

The following picture shows the function z = y2 − x on the domain x ∈ [0, 3], y ∈ [0, 3]. The
point (1, 1, 0) is labeled.

0

0

0

1

2

3

5

1

2

3

x

z

y

In all the questions that follow, assume that you begin at the point (1, 1, 0). As you change your
x- and y-coordinates, your z-coordinate changes to keep you on the surface.

Parts 1–4 can be answered exactly using partial derivatives. Make sure, however, that your
answers make sense with the picture.

1. If you move in the positive x-direction, are you moving up or down? With what slope?
2. If you move in the negative x-direction, are you moving up or down? With what

slope?
3. If you move in the positive y-direction, are you moving up or down? With what slope?
4. If you move in the negative y-direction, are you moving up or down? With what slope?

See Check Yourself #22 in Appendix L

Parts 5–8 should be answered approximately, based on the picture.

5. Now suppose you move diagonally, following the vector î + ĵ along the xy-plane (but
allowing z to change as always so you stay on the surface). Are youmoving up or down?
With approximately what slope?

6. Suppose you follow the vector î − ĵ along the xy-plane. Are you moving up or down?
With approximately what slope?

7. What direction would you move along the xy-plane if you wanted to go upward
as steeply as possible? (In Section 4.6 you’ll learn how to use something called a
“gradient” to easily calculate this.)

8. If you placed a ball on this surface at the point (1, 1, 0), which way would it roll?
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4.5.2 Explanation: Directional Derivatives

TheDiscovery Exercise, Section 4.5.1, presented you with a series of questions about how fast
a function of x and y changes as youmove in different directions. The tool formathematically
answering such questions is called a “directional derivative.” This section will first look at
what a directional derivative means, and then present the formula for finding one.

What Do Directional Derivatives Mean?
If you look around the room you are sitting in right now, every point in the air has a certain
temperature. We can represent this mathematically with a “scalar field” f (x, y, z). The phrase
“scalar field” simply indicates that there is a certain number, or “scalar,” at every point in
space. For instance, you might find that the temperature at the point (3, 2, 7) is 4◦ below
zero, so you would write f (3, 2, 7) = −4.

If we ask the question “What is the derivative of f ?” or “How fast is this function changing?”
you should object immediately that the question is ambiguous: changing with respect to
position, or time? In this section we will not be interested in changes with respect to time;
we want to know how the temperature distribution varies at different points throughout the
room at one frozen (no pun intended) moment in time.

So you make another measurement and determine that f (3.1, 1.9, 7.02) = 0. You might
reasonably conclude that the derivative of f at the point (3, 2, 7) is very high, since f changes
so much over a short distance. But another measurement reveals that f (3.1, 1.9, 6.9) is exactly
−4, suggesting a derivative of 0. Which one is right? Our point is that the question “how fast
is this function changing as you move from (3, 2, 7) to another point?” is still ambiguous: you
need to specify what direction you are moving in! For any given direction, the function is
changing at a particular rate.

The Meaning of the Directional Derivative

Given a scalar field f (x, y, z), a point (x0, y0, z0), and a direction specified by the vector u⃗, the “direc-
tional derivative” Du⃗f (x0, y0, z0) gives the rate of change of f as you start at the point (x0, y0, z0) and
move in the direction of u⃗.

As always, don’t let the smooth-sounding phrase “rate of change” pass you by too quickly.
We might say, somewhat loosely, that Du⃗f gives the amount that f will change if you move by
precisely one unit in the u⃗-direction. It would be more accurate to say that if you take a small
step (magnitude ds) in the u⃗-direction, Du⃗f represents the change in f per unit change in
position, df ∕ds. In the limit as ds → 0, this ratio becomes the actual directional derivative.
This can be expressed in the following equation, where û represents a unit vector in the
direction of u⃗.

Du⃗f (r⃗ ) = lim
h→0

f (r⃗ + hû) − f (r⃗ )
h

The partial derivatives we have seen are special cases of directional derivatives. For instance,
for the direction u⃗ = î, Du⃗f = 𝜕f ∕𝜕x. But a scalar field has an infinite number of directional
derivatives—not just two or three pointing along the coordinate axes. If you look in a partic-
ular direction u⃗ and see a constant derivative Du⃗f = 3, that means the temperature is rising
at a rate of 3 degrees for each unit step you take in that direction.
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EXAMPLE Using a Directional Derivative

Question: Consider the scalar field f with f (3, 2, 7) = −4. For the direction vector
u⃗ = 3î + 4k̂, Du⃗f = 2. Estimate f (6, 2, 11) and explain why your answer is only
approximate.

Answer:
The journey from (3, 2, 7) to (6, 2, 11) is taken in the direction of u⃗, so we have the
derivative we need. A derivative of 2 means that f is increasing by 2 units per unit
traveled; since we travel 5 units, f will increase by a total of 10. We estimate that
f (6, 2, 11) = 6.
This answer is approximate because it assumes that Du⃗f = 2 throughout the

journey. For most functions, the directional derivative changes as you move from one
point to another. Approximations of this sort work well over short distances; for
longer distances we need a “line integral” (Chapter 5) to add up all the small
displacements.

How Do We Find Directional Derivatives?
Suppose we measure the function f at the point (x0, y0, z0). Then we move away from that
point by vector u⃗, and measure the function again. How much does the function change?

We learned in Section 4.2 how to answer such a question for the easiest special case, which
is the case of u⃗ pointing directly along one of the coordinate axes. For instance, if we take a
step of distance Δx along the x-axis, leaving y and z unchanged, then the change df is given
by (𝜕f ∕𝜕x)Δx, where 𝜕f ∕𝜕x is generally easy to compute.

uzk̂

uy ĵ

u ⃑

uxî

So instead of moving diagonally along our vector
u⃗, we take three on-axis steps: a distance ux along the
x-axis, a distance uy along the y-axis, and a distance
uz along the z-axis. Each step gives us a change in
f that is easy to compute; together, they give us the
total df.

That answers the question “how much does the
function change as we move by u⃗?” but that isn’t
quite the question we want. A directional derivative
is a rate of change; roughly speaking, we want to
find how much f changes per unit distance. So we
begin by finding the “unit vector” û, a vector in the
direction of u⃗ with magnitude 1. (You obtain such a

vector by dividing u⃗ by its magnitude, a process called “normalizing” the vector.) The amount
f changes as we take that step is the directional derivative we are looking for.

The Formula for a Directional Derivative

Given a scalar field f (x, y, z) and a direction specified by the unit vectorû = ux î + uyĵ + uzk̂, the direc-
tional derivative is given by:

Dûf =
𝜕f
𝜕x

ux +
𝜕f
𝜕y

uy +
𝜕f
𝜕z

uz (4.5.1)
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You’ll show in Problem 4.80 why this formula only works when û is a unit vector. You’ll
show in Problem 4.81 that this formula is really another version of the chain rule.

EXAMPLE Finding a Directional Derivative

Question: Find the derivative of the function f (x, y, z) = x4y∕z at the point (3, 2, 1) in
the direction u⃗ = 5î − 12k̂.

Answer:
We begin by “normalizing” u⃗∶ |u⃗| = 13, so û = 5∕13î − 12∕13k̂.

𝜕f ∕𝜕x = 4x3y∕z, so 𝜕f ∕𝜕x(3, 2, 1) = 216. Similarly, 𝜕f ∕𝜕y(3, 2, 1) = 81 and
𝜕f ∕𝜕z(3, 2, 1) = −162.
So Du⃗f (3, 2, 1) = (216)(5∕13) + (81)(0) + (−162)(−12∕13) ≈ 232.6154.

Directional Derivatives in Two Dimensions
Our discussion above focused on a function of three variables, such as the temperature as
a function of position, but directional derivatives apply to any number of variables. For a
function of two variables, you can think about everything exactly as we did for three—for
instance, f (x, y) might represent the temperature at every point on a plane. But there is
another, more visual interpretation, and that is to consider a surface where z(x, y) gives the
height.

As you stand at a given point on the surface, facing the positive x-direction, you see the
surface ahead of you rising with a slope of 𝜕f ∕𝜕x. As you rotate your body around (with-
out changing position!) you see infinitely many different slopes, corresponding to infinitely
many viewing angles. If you look in a particular direction u⃗ and see a derivative of 3, that
means you are looking up a steep hill.

y

x

z

The point of this exercise is not simply that “you were taught to think of the derivative as
a slope and you still can,” and it is certainly not that “finding the slopes of surfaces in various
directions has tremendous real-world importance.” The point is to engage your visual mind
in understanding themath. It’s difficult to imagine looking in a certain direction and “seeing
the temperature go up”; it’s comparably easy to imagine a mountain path rising up in front
of you.

If you visualize surfaces in this matter, you can solve some problems without doing any
calculations at all. For instance, suppose that for a particular surface S at a particular point
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(x0, y0), the derivative Du⃗z in a particular direction u⃗ is 3. What can you say about D−u⃗z?
A picture here is worth a thousand calculations: if you are looking up a slope of 3 in one
direction, then turning around 180◦ you will see a slope of −3.

4.5.3 Problems: Directional Derivatives

4.77 The temperature distribution in a room
is given by f (x, y, z) = sin x + 3 ln(z + 2). At
the point (𝜋, 1, 1) in this room…
(a) find the derivative Du⃗f in the direc-

tion u⃗ = î. Explain what your result
tells you about the function.

(b) find the derivative Du⃗f in the direc-
tion u⃗ = ĵ. Explain what your result
tells you about the function.

(c) find the derivative Du⃗f in the direc-
tion u⃗ = k̂. Explain what your result
tells you about the function.

(d) find the derivative Du⃗f in the direc-
tion u⃗ = ĵ + k̂. Explain what your result
tells you about the function.

4.78 For the function f (x, y, z) = (x + 2y)∕z
at the point (4, 1, 3)…
(a) find the derivative in the direction

î + 2ĵ − 2k̂.
(b) find the derivative in the direction

3î + 6ĵ − 6k̂.
(c) find the derivative in the direction

−î − 2ĵ + 2k̂.
(d) Explain how your answers to Parts (b)

and (c) could have been predicted with-
out doing any calculations, based solely
on knowing your answer to Part (a).

4.79 For the function f (x, y, z) = xey + x2z
at the point (3, 0,−1)…
(a) find the derivative in the direction

−5î + 3ĵ + 9k̂.
(b) find the derivative in the direction

−5î + 2ĵ + 8k̂.
(c) find the derivative in the direction

−5î + 4ĵ + 10k̂.
(d) Your answer to Part (a) should have come

out bigger than the other two. In fact, as
you will be able to prove after the next
section, that particular direction gives the
highest possible derivative for this par-
ticular function at this particular point.
Assuming the function f represents tem-
perature, express the fact we just stated as
a statement about the temperature in the
room, using no mathematical terminology.

4.80 Explain why Equation 4.5.1 only repre-
sents a directional derivative if the direc-
tion is specified as a unit vector.

4.81 In this problem you will derive a way to
physically interpret Equation 4.5.1 for a direc-
tional derivative. Assume a function f (x, y, z)
is defined in the region around you, and
you are moving through that region. (You
can think of f as representing temperature
if you’d like something more concrete to
imagine, but we’re leaving it open-ended
to emphasize that the result works for any
function.)
(a) We’ve already said that f depends on x,

y, and z, and as you move your position
coordinates depend on time. Draw those
facts as a dependency diagram and use
it to write the chain rule for df ∕dt.

(b) Assume you are moving with a veloc-
ity v̂ = vx î + vyĵ + vzk̂, where your total
speed is given by |v̂| = 1. Explain why, in
this particular case, the rate of change
df ∕dt that you experience must be equal
to the directional derivative Dv̂f .

(c) Using your results above and the defini-
tion of velocity as the rate of change of
position, derive Equation 4.5.1.

4.82 g (4, 5, 6) = 10 and for u⃗ = 3î + 4ĵ, Du⃗g = 3.
(a) Estimate g (7, 9, 6). (Hint: the answer

is not 13.)
(b) Estimate g (10, 13, 6).
(c) Which of your two estimates would you

expect to be the more accurate? Why?
(d) Estimate g (1, 1, 6).

4.83 h(10, 10, 10) = 3 and h(9.7, 10.1, 10.2) = 2.
(a) Use this information to estimate Dûh for

a particular û. Your answer should indi-
cate what your û is, as well as its Dûh.

(b) Use your answer to Part (a) to esti-
mate h at another point. Your answer
should indicate both the point and
your estimated h for this point.

4.84 You are standing on Skullcrusher Moun-
tain, which is shaped like the graph of
z = x4e−y2 , at the point (1,1).
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(a) If you set out in the positive x-direction,
will you be hiking up or sliding down?

(b) If you set out in the positive y-direction,
will you be hiking up or sliding down?

(c) If you set out at a 45◦ angle between
the positive x- and y-directions,
will you be hiking up or sliding
down?

(d) Find an angle between the positive x-
and y-directions such that, if you walk
in that direction, you will be following
a “level curve”—momentarily
moving neither up nor down.

4.85 Standing at the origin on the plane 4x + 6y −
2z = 0, you begin to climb. The positive z-axis
points straight up but you cannot move directly
that way: you can travel in a direction along the
x-axis, along the y-axis, or along the direction
y = x, always staying on the plane 4x + 6y − 2z =
0. Order these three climbs from most to least
steep.

4.86 You are in a space station that is being flooded
with poison gas. The concentration of the gas
is given by e−x2y2. You are currently at the point
(1, 1) and there are hallways leading off in the
directions of the lines y = x, y = −x, and the
x- and y-axes. Of the eight possible ways you
could go (along any of the four lines in either

direction), which way will reduce the concen-
tration of poison gas you are breathing the
fastest?

4.87 Exploration: The Direction of Fastest Increase
Survey teams have determined that the density
of gold deposits in your area roughly follows the
function 𝜌(x, y) = sin(𝜋x∕2) sin

(
𝜋y2∕2

)
e−x2+y2 .

Your team is currently digging at the posi-
tion (1, 1) and tomorrow you want to start
hiking in the direction in which the den-
sity will increase the fastest.
(a) For a given direction 𝜙 (measured coun-

terclockwise from the positive x-axis),
find the unit vector û pointing in the
direction of 𝜙. Hint: The answer is not
related to your current position.

(b) Find the directional derivative Dû𝜌 in the
direction of the angle 𝜙. Your answer
should be a function of x, y, and 𝜙.

(c) Evaluate Dû𝜌 at the point (1, 1). The
result should be a function of 𝜙.

(d) Using the result you found for Dû𝜌, find
the direction your team should hike
in so as to increase the density of gold
as fast as possible, and the directional
derivative in that direction.

In the next section you will learn an eas-
ier way to solve problems like this.

4.6 The Gradient
The gradient is a higher-dimensional generalization of the derivative. Like a derivative, its
simple formula underlies a powerful new way of looking at and understanding functions—
in this case, multivariate functions. Also like the derivative, it is an idea that takes a consid-
erable amount of time and thought to get used to, but it is well worth the effort.

4.6.1 Discovery Exercise: The Gradient

Consider a function f (x, y) with constant partial derivatives 𝜕f ∕𝜕x = 1 and 𝜕f ∕𝜕y = 2.

1. Find the directional derivative of f in the direction î + cĵ. Your answer will depend on
the unknown constant c.

See Check Yourself #23 in Appendix L

2. Find the value of c that maximizes the directional derivative of f .
3. In what direction does f increase the fastest? Give your answer in the form of a vector

in the xy-plane that points in the direction of fastest increase of f .
4. Normalize your answer to give a unit vector û that points in the direction of fastest

increase of f .

Now we’ll generalize the problem to a function f (x, y) for which 𝜕f ∕𝜕x = a and 𝜕f ∕𝜕y = b.
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5. Repeat the steps above. Find the directional derivative of f in the direction î + cĵ
and use that to find the direction in which f increases the fastest. Once again,
express your final answer as a unit vector û that points in the direction of fastest
increase of f .

6. What is the rate of change of f in the direction you just found? In other words, what
is the fastest rate of increase that f can have in any direction?

7. Multiply the vector you found in Part 5 by the answer you found in Part 6.

Your final result was a vector that points in the direction in which f increases the fastest
and whose magnitude is the rate of change of f in that direction. That vector is called the
“gradient” of f . We explore its properties in this section.

4.6.2 Explanation: The Gradient

Recall Equation 4.5.1 for a directional derivative:

Dûf =
𝜕f
𝜕x

ux +
𝜕f
𝜕y

uy +
𝜕f
𝜕z

uz

This equation can be written as a dot product.

Dûf =
(
𝜕f
𝜕x

î +
𝜕f
𝜕y

ĵ +
𝜕f
𝜕z

k̂
)
⋅ û

The left-hand vector in this dot product, made up of all the partial derivatives of f , is called
the gradient and is generally written ∇⃗f . (You’ll sometimes see grad(f ), and you’ll also some-
times see ∇f without the vector sign.)

The Definition of the Gradient
The gradient of a scalar field is defined as:

∇⃗f =
𝜕f
𝜕x

î +
𝜕f
𝜕y

ĵ +
𝜕f
𝜕z

k̂ (4.6.1)

Using the gradient, we can define the directional derivative of f in the direction of a unit vector û
more concisely.

Dûf = ∇⃗f ⋅û (4.6.2)

Equation 4.6.2 can be expressed in words as “The directional derivative of f in the
direction û is the component of the gradient vector in that direction.” If you think about this
interpretation, you may begin to get a feeling for what the gradient represents.

The example below computes a directional derivative that we already found in the previ-
ous section. Of course we get the same answer, since we do all the same calculations in the
same order! Note, however, that the gradient separates the calculations that involve the func-
tion in general from the calculations that involve this direction in particular. If we wanted
to find derivatives of the same function in many different directions, we would not keep
repeating the same work.
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EXAMPLE Using the Gradient to Find a Directional Derivative

Question: Find the gradient of the function f (x, y, z) = x4y∕z at the point (3, 2, 1), and
use it to find the derivative in the direction u⃗ = 5î − 12k̂.

Answer:
∇⃗f =

(
𝜕f ∕𝜕x

)
î +

(
𝜕f ∕𝜕y

)
ĵ +

(
𝜕f ∕𝜕z

)
k̂ =

(
4x3y∕z

)
î +

(
x4∕z

)
ĵ −

(
x4y∕z2

)
k̂

At the point (3,2,1), the gradient is the vector 216î + 81ĵ − 162k̂. Note that this
calculation has nothing to do with any particular direction u⃗; it is a property of f at
that point that can be used to find the derivative in any direction.
For this particular direction, û = (5∕13)î − (12∕13)k̂, so
Du⃗f (3, 2, 1) = (216)(5∕13) + (81)(0) + (−162)(−12∕13) ≈ 232.6154.

What does the Gradient Mean?
We began our study of directional derivatives by considering the temperature function
f (x, y, z): a “scalar field,” meaning a specific number assigned to every point in the room.

When we take the gradient of that function, we get ∇⃗f (x, y, z): a “vector field.” You can
imagine a little arrow at every point in the room, each with its own magnitude and direc-
tion. Whenever you find a gradient, you are finding a vector field that somehow contains
information about a given scalar field.

But what information? Suppose I tell you that “at this particular
point in space, ∇⃗f has amagnitude of 7 and points in precisely that
direction.” What have you learned about the scalar field f (x, y, z)—
about the temperature?

To approach this question, consider the following thought
experiment. You are planted firmly in the middle of a scalar field.
You can face in any direction u⃗ you like, but your position (x0, y0, z0)
never changes.

FIGURE 4.3 The arrows show the gradient of
the function density of ink. Each arrow points
in the direction where the page is getting
dark most rapidly from that point. The curves
are contours of constant ink density.

Question: What direction would you face if your
goal was to maximize the directional derivative?
(Try to answer this question yourself, based on
Equation 4.6.2.)

Answer: We noted above that the component of the
gradient pointing in any direction tells us the direc-
tional derivative in that direction. So the directional
derivative is zero in directions perpendicular to the
gradient, it’s negative in the direction opposite the
gradient, and it takes its largest positive value in
the direction of the gradient.

We conclude that the function increases most
rapidly in the direction the gradient points in. Turn-
ing that around, we can say that the gradient points
in the direction in which the function increases
most rapidly. In our temperature-filled room, the
gradient is like a heat-seeking bug, always pointing
in the direction of the most warmth.
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And what about the magnitude of the gradient?
Once again we turn to Equation 4.6.2. If we face in the direction of the gradient, then Dûf is
the magnitude of the gradient vector, times the magnitude ofû (which is 1), times cos(0) = 1.
So the magnitude of the gradient vector gives the directional derivative in that particular
direction.

The Meaning of the Gradient
The gradient of a scalar field is a vector field. At any given point in the scalar field, the gradient
points in the direction of steepest increase. The magnitude of the gradient gives the rate of change
of the field in that direction.

This is a good place to stop and make sure you’ve followed everything. We began with a
mathematical definition of the gradient—a minor change in notation around our already-
existing idea of a directional derivative. From there, we have arrived at an interpretation of
what the gradient means. If you calculate that for a particular field at a particular point the
gradient has a magnitude of 7 and points in the direction î + 5ĵ − 3k̂, can you explain what
that means about the field at that point? Can you explain how that physical interpretation
comes from the math?

The Gradient in Two Dimensions
In Section 4.5 we discussed the fact that directional derivatives apply to functions of any
number of variables, but for the particular case of functions of two variables, we can
visualize the function as a surface and the derivative represents the slope in a particular
direction.

For that particular case, then, we can “see” the gradientmore clearly than in higher dimen-
sions. Once again, imagine standing on amountainside whose height is given by the function
z(x, y). If you have a “gradient compass” it will point in the direction of steepest possible
incline. The magnitude of the gradient will give you the slope in that direction.

How do you build a gradient compass? It’s easier than you think: just put a ball down at
your feet. The ball will roll in the direction of steepest decline, which is −∇⃗z.

EXAMPLE Gradient and Directional Derivative as Slope

Question: For the surface described by z(x, y) = ex−y at the point (1, 1), what is the
gradient and what does it mean?

Answer:
∇⃗z = ex−y î − ex−y ĵ, so ∇⃗z(1, 1) = î − ĵ. This indicates that if you want to move up as
quickly as possible you should move at a 45◦ angle South of East, and that in that
direction the surface will rise with a slope of

√
2.

The closer your angle is to that particular direction, the more steeply uphill you are
looking. If you let go of a ball at this point on the surface, it would roll along the
steepest decline, which is always −∇⃗z, or −î + ĵ in this case.
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The function drops

very quickly in this

direction (slope = ‒√2 )

In this direction the slope is

pretty high, but not as high as

√2

The gradient

The function does not

change at all if you

move in this direction

The function rises very

quickly in this direction

(slope = √2 )

Question: On that same surface, what is Du⃗z(1, 1) for u⃗ pointing 60◦ North of East,
and what does it mean?

Answer:
We begin with a quick drawing and a bit of trig to find that û = (1∕2)î + (

√
3∕2)ĵ.

1

ux

uy

60°
x

y

Dûz(x, y) =
(̂
i − ĵ

)
⋅

(
1
2

î +
√
3
2

ĵ

)
=

1 −
√
3

2

If you take a small step of horizontal distance ds along that 60◦ angle, your height
(z-coordinate) will go down by roughly 0.366 ds. This makes sense if you look at the
relative contributions of dx and dy. As x increases, z increases. As y increases, z
decreases. The total dz is negative because, at a 60◦ angle, y is changing faster than x.

A final word of warning is in order. When we talk about the gradient as the slope of a
surface, we are talking about a function with two independent variables, x and y. The gradient
points in the direction of steepest increase, but the gradient does not point up the hill; the
gradient has no z-component at all! The gradient points in the direction in the xy-plane that
you would travel to obtain the steepest incline.
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For a function f (x, y) the gradient points horizontally, not “up the hill.”

A Directional Derivative of Zero
Suppose you find that, for a particular function at a particular point, the derivative in a
particular direction is zero. What does that tell you?|∇⃗f ||û| cos 𝜃 = 0

One possibility is that ∇⃗f itself is 0⃗. In that case, the directional derivative is zero in all
directions: no matter where you go, you will move neither up nor down. This often (not
always) corresponds to a local maximum or minimum of the function.

If ∇⃗f is not zero, then 𝜃 must be 90◦. This result is obvious from the math, but it is not
obvious visually: whenever you move at a right angle to the gradient, you move along a path
with a directional derivative of zero. For f (x, y), this gives you two different directions along
which the function does not change. For f (x, y, z) this gives you an infinite number of such
directions: an entire plane along which, at this point, the function does not change.

To better understand this visually, suppose you have a function f (x, y) represented as a
contour map.

f = 10 f = 6 f = 5 f = 3
x

y
If you move along a contour line—any con-

tour line—the function does not change. (For
instance, on the third contour line in the draw-
ing above, the function f (x, y) stays 5.) There-
fore, youmust bemoving in a direction in which
Du⃗f = 0. This gives us another visual interpreta-
tion of the gradient: at any given point, the gradient
points perpendicular to the contour lines of a function.
The same concept applies in higher dimen-
sions: for a function f (x, y, z) the gradient points
perpendicular to the “level surfaces,” and so on.

4.6.3 Problems: The Gradient

4.88 Consider the scalar field f (x, y) =
√

x2 + y.

(a) Find the gradient ∇⃗f as a func-
tion of x and y.

(b) Find the gradient ∇⃗f (3, 7). Express
your answer as the magnitude and
direction of a vector.

(c) If f (x, y) represents the tempera-
ture at every point on a plane, give
a physical description of the mean-
ing of your answer to Part (b). Your
explanation should include both the
magnitude and the direction of the
vector.



7in x 10in Felder c04.tex V3 - January 20, 2015 2:43 P.M. Page 169

4.6 | The Gradient 169

(d) If f (x, y) represents the height (z-
coordinate) at every point on a surface,
give a physical description of the meaning
of your answer to Part (b). Your explana-
tion should include both the magnitude
and the direction of the vector.

(e) Find the directional derivative Du⃗f at the
point (3, 7) in the direction of the vector
î + ĵ. (If you get the answer 7∕8, try again.)

(f) Based on your answer to Part (e), estimate
the value of f (3.02, 7.02). Then calculate
the actual f (3.02, 7.02) for comparison.

4.89 Walking into a study session, you hear your
friend Shannon saying “So for this partic-
ular field at this point, the gradient is −7.”
Explain how you can tell Shannon, with no
further information, that she is wrong.

4.90 Find the gradient of the function f (x) = 3x2.
Which way does it point, and why?

4.91 The plot below shows the contour lines of
a function z(x, y). Copy this plot and add
to it vectors at a variety of points (at least
five, in different parts of the plot) showing
the gradient at those points. Your vectors
won’t be precise, but they should all point
in the correct direction and they should
be larger in places with big gradients than
they are in places with small gradients.

0.2

0.2

0.3

0.3

0.4

0.4

0.5

0.5
0.6

0.7

0.8

0.9

1

(If you want to print the picture from a com-
puter instead of copying it, make a contour
plot of z(x, y) = e−(x−1)2−y2 + 0.5e−(x+1)2−y2 in
the range −1.2 ≤ x ≤ 1.2, −1.2 ≤ y ≤ 1.2.)

4.92 A plot of the function z(x, y) is shown at the top
of the next column. (As usual, z is the vertical
axis.) Draw a set of x- and y-axes and sketch the
gradient vectors ∇⃗z at a variety of points (x, y)
(at least five points). Note that your image will
be 2D, unlike the 3D plot of z shown here.
Your vectors won’t be precise, but they should
all point in the correct direction and they
should be larger in places with big gradients
than they are in places with small gradients.

0.0

0.5

‒0.5

‒1

‒2

‒1.0

1.0

x

y

2

1

0

4.93 A scalar field is given by f (x, y) =
e−(x+1)2−y2 + e−(x−1)2−y2 .
(a) Calculate the gradient ∇⃗f .
(b) Have a computer generate a 3D plot of

the field with x and y on the horizon-
tal axes and f on the vertical axis.

(c) Have the computer generate either a con-
tour plot of f (showing lines of constant
f ) or a density plot (shading regions of
the plot according to the value of f ). This
plot will be 2D, with only x- and y-axes.

(d) Have the computer plot the vec-
tors ∇⃗f on the same plot as your
contour or density plot.

(e) Explain why the image you generated
looks the way it does. In other words,
looking at the contour lines or shading,
how could you have predicted what the
gradient vectors would be doing?

4.94 The function z = 2x + 5y − 10 represents
a plane.

2

‒10

5

y

x

z

(a) Find the gradient ∇⃗z(x, y).
(b) The gradient is a constant—that is, it

is not a function of x or y. What does
that tell you about the surface?

(c) A “level curve” is a curve (in this case
a line) along the surface that main-
tains a constant z-value. What direc-
tion would you walk to follow a level
curve—in other words, to have a direc-
tional derivative of zero?
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4.95 Consider the function f (x, y) = x2 + y2.
(a) Calculate the gradient of this func-

tion at the following five points: (0, 0),
(0, 1), (0,−1), (1, 0), and (−1, 0).

(b) What might this function look like
based on your five gradients?

4.96 Consider the function f (x, y) = x2 − y2.
(a) Calculate the gradient of this func-

tion at the following five points: (0, 0),
(0, 1), (0,−1), (1, 0), and (−1, 0).

(b) What might this function look like
based on your five gradients?

4.97 The function z(x, y) at the point (0, 0)
has a gradient 4î + 6ĵ.
(a) What is the derivative in the direc-

tion pointing toward (2, 3)?
(b) What is the derivative in the direc-

tion pointing toward (−2,−3)?
(c) If you put a ball down on this surface at

the point (0, 0), which way would it roll?
(d) Find a unit vector (magnitude of

1) for which Dû = 0.
(e) For how many other unit vectors

does Dû = 0?

4.98 Each part below gives information about a
function of x and y. Describe each function.
Your answer may include a description in
words, a 3-D drawing, or anything else that
will help understand the function. Suggest-
ing a possible function f (x, y) may be part of
your answer, but it is not a complete answer.
(a) For function f (x, y), the gradient

∇⃗f = 2î everywhere.

(b) For function g (x, y), the gradient ∇⃗g = xî
everywhere. (So at all points where x = 2,
the gradient is 2î and so on.)

(c) For function h(x, y), the gradient ∇⃗h = −𝜌𝜌̂
everywhere, where 𝜌 is the distance from
the z-axis and 𝜌̂ points directly away
from the z-axis at each point.

4.99 The figure below shows a hemisphere
of radius 5. The point (0, 4, 3) on that
hemisphere is indicated.

y

x

(0,4,3)

z

(a) One way to mathematically represent
that hemisphere is z = f (x, y) where
f (x, y) =

√
25 − x2 − y2. Calculate ∇⃗f

at the indicated point and describe
in words which way it points.

(b) Another way to mathematically repre-
sent that hemisphere is with the equation
g (x, y, z) = 25 where g (x, y, z) = x2 + y2 + z2.
Calculate ∇⃗g at the indicated point and
describe in words which way it points.

(c) Neither of your above answers seems to
point “up the hill” in the drawing. Explain
how both of them follow the rule that the
gradient always points in the direction in
which the function increases most steeply.

4.100 You stand in a valley described by the equation
z = x2 − xy − 2y at the point (2, 1, 0).
(a) If you put a ball down at your feet, in what

direction will the ball roll? (Your answer
will be a vector in three-space.)

(b) If you want to walk a level path, in
what direction should you walk?
(Your answer will be a vector with
only x- and y-components.)

4.101 A surface fluctuates according to the equation
z = cos(xt) + sin(yt). A ball is to be placed at
the point (1, 1, cos t + sin t) at some time t.
The descriptions below are about the direc-
tion the ball will roll in x and y, assum-
ing its vertical motion will be whatever is
needed to keep it on the surface. At what
time t could the ball be placed…
(a) …if you want the ball to begin rolling

straight toward the z-axis?
(b) …if you want the ball to roll in

the +x-direction?

4.102 The magnitude of the gravitational
force between two objects is given by
F = Gm1m2∕r 2 where G is a constant and
the other three letters are variables.
(a) Find the gradient ∇⃗F (m1,m2, r ).
(b) Based on your answer to Part (a), which

of the three variables should increase,
and which should decrease, if you set out
to increase the gravitational force?

4.103 One cause of air flow is the so-called
“pressure gradient force” given by the formula
F⃗ = −k∇⃗P where P is the air pressure
and k is a positive constant. Explain why
it makes sense to expect air to move in
the direction of this vector.

4.104 Cecelia the depth-seeking crab is on a lake bed
shaped like z = x2∕4 − y∕10 + 10. Assuming
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Cecelia starts at the point (4, 10, 13) and always
crawls to lower depths as quickly as possible,
describe with words and pictures the path she
will follow. (You do not need to give a mathe-
matical equation that expresses her path.)

Electrostatic theory is based on a scalar field called
“electric potential” V (x, y, z). Problems 4.105–4.108
require you to know the following facts about electric
potential.
∙ The proximity of positive charges increases the

electric potential; the proximity of negative
charges decreases the potential.

∙ The electric field is computed as E⃗ = −∇⃗V .
∙ Positively charged particles tend to flow in the

direction given by the electric field.

4.105 The electric potential in a region of space
is given by V = x2 + y2 − z2. If a positive
charge were placed at the point (1, 2, 3)
what direction would it move in? (Your
answer should be a vector, but you don’t
have to write it as a unit vector.)

4.106 In the presence of a single positively charged
particle located at the origin, the poten-
tial field is given by V = k∕

√
x2 + y2 + z2

where k is a positive constant.

(a) Calculate the electric field E⃗ = −∇⃗V .
(b) Use your answer to Part (a) to predict

the motion of a positively charged par-
ticle that starts at rest in this field.

(c) In the presence of a single negatively
charged particle at the origin, the poten-
tial field is given by V = −k∕

√
x2 + y2 + z2.

How does this change your answers?

4.107 An “electric dipole” consists of two equal
and opposite charges. If a dipole in two
dimensions consists of a positive charge
at position (x0, 0) and a negative charge
at position (−x0, 0) then the potential
field produced by the dipole is

V = k√
(x − x0)2 + y2

− k√
(x + x0)2 + y2

(a) Calculate the electric field E⃗ = −∇⃗V .
(b) A positive charge feels a force push-

ing it in the direction of the electric
field. If you place a positive charge on
the positive x-axis at x > x0, in what
direction will it be pushed?

(c) If you place a positive charge at position
(5x0, 2x0, 0), in what direction will it be
pushed? (Give your answer as an angle.)

4.108 A “conductor” is a material with free elec-
trons that can easily move in response to
electric fields. If you generate an electric field
near a conductor the electrons will move
in response, thus changing their own elec-
tric fields, until the electric field within the
conductor is zero. This happens so quickly
that for most purposes you can assume
that the electric field is always zero inside a
conductor.
(a) Explain why every conductor is an

“equipotential,” meaning a region
of constant potential.

(b) A thin metal sheet is in the shape of a
spherical shell: x2 + y2 + z2 = R2. Know-
ing that the entire surface of the sphere
has a constant potential, in what direc-
tion must the electric field point at
(R , 0, 0)? (There are actually two possible
directions.)

4.109 Exploration: An Alternative Basis for Direc-
tional Derivatives For the function f (x, y) at
the point (2, 3), the derivative in the direction
of the vector 3î + 4ĵ is 2, and the derivative in
the direction of the vector 5î + 12ĵ is −2.
(a) Find 𝜕f ∕𝜕x and 𝜕f ∕𝜕y at this point.
(b) Give one possibility for what the

function f (x, y) might be.
(c) If this function were a hill, and you

released a ball at the point (2, 3), which
way would the ball initially roll?

We are used to starting from the derivatives
in the x- and y-directions, and using those
to figure out the derivatives in other direc-
tions. In this case we started with two other
directional derivatives but got the same infor-
mation. In general, the derivatives of f (x, y)
in almost any two directions are enough
to find them in all other directions.
(d) Let û = aî + bĵ and v̂ = cî + dĵ be two unit

vectors and let the directional derivatives
of f at a point be Dûf = 𝛼 and Dv̂f = 𝛽.
Find 𝜕f ∕𝜕x and 𝜕f ∕𝜕y at that point in
terms of a, b, c, d, 𝛼, and 𝛽.

(e) We said that the derivatives in the direc-
tions of almost any two vectors are good
enough to find all others. What would
have to be true of the vectors û and v̂
for you to be unable to find 𝜕f ∕𝜕x and
𝜕f ∕𝜕y from their directional derivatives?
Answer this twice. First, give an alge-
braic answer based on your calculations,
and then say what that would imply geo-
metrically about the two vectors.
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4.110 [This problem depends on Problem 4.109, and
on some knowledge of linear algebra.] Gen-
eralizing your answer to Problem 4.109,
what would have to be true of n vectors in

an n-dimensional space if the derivatives
of f along those directions weren’t suffi-
cient for you to know the derivatives in all
directions?

4.7 Tangent Plane Approximations and Power
Series (see felderbooks.com)

4.8 Optimization and the Gradient
The term “optimization” refers to a broad spectrum of techniques that are used to max-
imize or minimize important variables. Entire courses are given on linear and non-linear
optimization algorithms that are beyond the scope of this book. But in this section and
Section 4.9 we will present two core techniques—the first based on the gradient, the second
called “Lagrange multipliers”—that can be used to find minima and maxima of multivariate
functions.

A third technique, the “simplex method,” will be presented in Chapter 7.

4.8.1 Discovery Exercise: Optimization and the Gradient

x

y

f

A C

B

FIGURE 4.4

Figure 4.4 shows three points on a plot of a function
f (x, y). At point A, 𝜕f ∕𝜕x is positive and 𝜕f ∕𝜕y = 0.

1. At point B, is 𝜕f ∕𝜕x positive, negative, or
zero? What about 𝜕f ∕𝜕y?

2. PointC is a local maximumof f . At that point
are 𝜕f ∕𝜕x and 𝜕f ∕𝜕y positive, negative, or
zero?

3. For a smooth one variable function f (x) a
local maximum or minimum always occurs
where df ∕dx = 0. Based on your answers
above, how would you generalize that rule to
a two-variable function f (x, y)?

4.8.2 Explanation: Optimization and the Gradient

You learned in introductory calculus how to optimize a function of one variable. It’s a lit-
tle more complicated than saying “a function reaches a maximum or minimum where the
derivative is zero.” In fact, it is possible to have a derivative of zero without reaching an
extremum (think of y = x3 at the origin), and it is possible to reach an extremum without a
derivative of zero (y = |x| at the origin). With a bit more care, however, we can make a few
confident statements.

x = a x = b

y = f (x)

f′(x) = 0. Local minimum, but

not the absolute minimum.

f′(x) is undefined. Local

maximum, absolute maximum.

The absolute minimum occurs at

this endpoint of the interval.



7in x 10in Felder c04.tex V3 - January 20, 2015 2:43 P.M. Page 173

4.8 |Optimization and the Gradient 173

∙ A “critical point” is defined as a point where the derivative is either zero or undefined.
∙ All local minima and maxima will occur at critical points.
∙ A continuous function on a closed interval will achieve an absolute maximum and

an absolute minimum. These will occur at critical points or at the endpoints of the
interval.

As an example, consider the picture above. On the closed interval [a, b] this function attains
an absolute maximum and an absolute minimum. On the open interval (a, b) it attains an
absolute maximum but does not attain an absolute minimum.

Before we extend these rules to higher dimensions, let’s define our terms. We present
these definitions in terms of a function of two variables f (x, y) but they extend naturally to
more (or fewer) variables.

Definitions: Local and Absolute Maximum and Minimum

A function f (x, y) attains a “local maximum” (or “relative maximum”) at the point (a, b) if f (a, b) ≥
f (x, y) for all points (x, y) in a disk with radius r > 0 centered on (a, b).

A function f (x, y) attains an “absolute maximum” within region R at the point (a, b) if f (a, b) ≥
f (x, y) for all points (x, y) in R . (When we make a statement such as “3 − x2 − y2 attains an absolute
maximum at (0, 0)” the implied region is “all points.” In such a case the term “global maximum” is
sometimes used.)

The definitions for local and absolute minimum are analogous. For functions of n variables the
“disk” around the local maximum or minimum is an n-dimensional “neighborhood” around that
point.

x

y

f

FIGURE 4.5 The function shown above has three
critical points in the indicated domain: two shown by
dots and another at the minimum in the lower right.
Two of the critical points are local minima, including
the one in the lower right that is also an absolute
minimum. The absolute maximum occurs on the
boundary at the upper left corner. The critical point
near the center is a “saddle point,” which we will discuss
shortly.

Take a moment to convince yourself that
these technical definitions reflect a simpler
intuitive understanding of these concepts.
One subtlety is the use of ≥ instead of > in
the definitions. You might think that the
plane z(x, y) = 7 never attains a maximum,
but in fact its global maximum is 7 and it
attains it everywhere!

With those definitions in place, we can
articulate three rules parallel to the single-
variable rules we stated above.

∙ A critical point occurs where all the
partial derivatives are zero, or where
any of the partial derivatives is unde-
fined. Put more succinctly, a critical
point occurs where the gradient is zero
or undefined.

∙ All local minima and maxima occur at
critical points.

∙ A continuous function in a closed,
bounded region will achieve an abso-
lute maximum and an absolute mini-
mum, and these will occur at critical
points or on the boundary.

One approach to optimization, therefore, is to start with the gradient. The first example
below demonstrates most of the elements of the basic process. The second example adds
the issue of a closed boundary.
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The Biggest Storage Chest

L

W

H

A storage chest is to be built to the following speci-
fications. The left side, right side, back, and bottom
are made of a material that costs $1∕ft2. The front is
made of a more decorated material that costs $2∕ft2.
There is no top. The total cost of the chest is there-
fore C(L,W ,H ) = LW + 2HW + 3LH . The volume, of
course, is V = LWH .

Question: Find the largest-volume chest that can be
made for $20.

Thinking: As always, we urge you to think about the question before you begin to solve. Will
there be a minimum volume? Will there be a maximum volume?

H
L

W

FIGURE 4.6 You can make the volume as small as you like
while maintaining a cost of $20.

First, there is an implicit constraint on
the domain of L, W , and H ; they all have to
be positive. It simply isn’t a chest otherwise.
Given that, with a bit of thought, you can
convince yourself that there is nominimum
volume. Consider, for instance, allowing H
to approach zero while the area of the bot-
tom, LW , approaches 20. (Figure 4.6.)

On the other hand, it is not possible to make the volume arbitrarily large. If you make
any one of the dimensions extremely large you will need to make both of the other ones
correspondingly small to keep the surface area reasonable, so in the extreme limit as any
one dimension gets too large the total volume will have to shrink. That suggests that there is
some optimal set of dimensions that maximizes the volume.

Solving:Our two equations play different roles in the problem. V = LWH is the “objective
function,” the quantity that we want to optimize. Our strategy will involve setting ∇⃗V to zero
to find critical points.

The cost equation defines a “constraint.” We are not trying to optimize cost, so we will not
be taking its gradient. Instead, we will use the fixed cost to eliminate one of the variables in
our objective function.

So, we solve the equation LW + 2HW + 3LH = 20 for one of the three variables. We
choose (quite arbitrarily) to write W = (20 − 3LH )∕(L + 2H ). Plugging this into the volume,
we get:

V = LH (20 − 3LH )∕(L + 2H )

This “constrained” volume function V (L,H ) will attain a maximum. We begin by taking its
gradient.

∇⃗V = H 2(40 − 3L2 − 12LH )
(L + 2H )2

L̂ + 2L2(10 − 3H 2 − 3LH )
(L + 2H )2

Ĥ

Recall that a critical point is one where the gradient is zero or undefined. We would there-
fore have to consider all the points with L + 2H = 0 as critical points, but we can ignore
them because the lengths must be positive quantities. We ignore H 2 = 0 and L2 = 0 for the
same reason. We are therefore left finding critical points where 40 − L2 − 12LH = 0 and
10 − 3H 2 − 3LH = 0. Solving these two equations simultaneous leads toH =

√
10∕3 and L =

2
√
10∕3. We can use these values to find W =

√
10, which gives a volume of V = 20

√
10∕9.

So we have found a critical point: what does it tell us about our box? If we were just using
mathematical brute force, we could use the “second derivatives test” described below to check
if this is a minimum or a maximum. Then we would also have to check the boundaries L = 0,
W = 0, andH = 0. In this case those steps are unnecessary because we’ve already argued that
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the volume reaches a maximum and no minimum, and clearly the volume would be zero if
any of the dimensions were zero, so we conclude that V = 20

√
10∕9 ft3 is the largest possible

box we can build for $20.

EXAMPLE Optimization on a Bounded Region

Question: Find the absolute minimum and maximum of the function
f (x, y) = x2 + y2 − 2x − 4y + 10 on the closed region R shown below:
.

R

1 2 3 4
x

1

2

3

4

5

6

ySolution:
∇⃗f (x, y) =

⟨
2x − 2, 2y − 4

⟩
is never

undefined, and reaches zero at the point
(1, 2). So that is the only critical point. But
just as with functions of one variable, the
absolute minimum and maximum can occur
at the critical points or on the boundary, so our
next task is to look on the boundary. In this
case, the boundary is made up of three lines.
The first boundary line is y = 0 and

f (x, 0) = x2 − 2x + 10 reaches a critical
point when 2x − 2 = 0 so x = 1. So we
will have to consider the point (1, 0).
The next boundary line is x = 0 and

f (0, y) = y2 − 4y + 10 reaches a critical point when 2y − 4 = 0, so we consider the point
(0, 2).
The third boundary line is y = −2x + 6. Along this line,

f = x2 + (−2x + 6)2 − 2x − 4(−2x + 6) + 10, which reaches a critical point at
(9∕5, 12∕5).
Finally, there are the boundary points of the boundary lines to consider: (0, 0),

(0, 6), and (3, 0).
We are guaranteed to find an absolute maximum and minimum among the points

we have listed. To find them, find the value of the objective function at each point.

f (1, 2) = 5, f (1, 0) = 9, f (0, 2) = 6, f (9∕5, 12∕5) = 5.8,
f (0, 0) = 10, f (0, 6) = 22, f (3, 0) = 13.

So within this region the function attains an absolute minimum of 5 at (1, 2) and an
absolute maximum of 22 at (0, 6).

Different Types of Critical Points and the Second Derivatives Test
A given critical point can represent a local maximum, a local minimum, or neither. For
functions of one variable, the “second derivative test” is one way of distinguishing these three
cases. Once you have established that f ′(c) = 0 at some point x = c, you check the second
derivative at that value. If f ′′(c) < 0 you have found a local maximum; f ′′(c) > 0 indicates a
local minimum.

For a function of two variables the “second derivatives test” provides a similar way of clas-
sifying critical points.
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The Second Derivatives Test for Two Independent Variables

Suppose the function f (x, y) has been found to have a critical point at (x, y) = (a, b). We define a new
function D as follows.

D(x, y) =
(
𝜕2f
𝜕x2

)(
𝜕2f
𝜕y2

)
−
(

𝜕2f
𝜕x 𝜕y

)2

(4.8.1)

Evaluate the function D at the critical point (a, b).

∙ If D(a, b) > 0 and 𝜕2f ∕𝜕x2(a, b) > 0 then f (x, y) attains a local minimum at (a, b).
∙ If D(a, b) > 0 and 𝜕2f ∕𝜕x2(a, b) < 0 then f (x, y) attains a local maximum at (a, b).
∙ If D(a, b) < 0 then f (x, y) attains neither a minimum nor a maximum at (a, b).

If D(a, b) = 0 the test is inconclusive.

The second derivatives test is far from obvious. A deep understanding of why it works
begins by recognizing that D is the determinant of a matrix called the “Hessian.”

D(x, y) =
|||| 𝜕2f ∕𝜕x2 𝜕2f ∕(𝜕x 𝜕y)
𝜕2f ∕(𝜕y 𝜕x) 𝜕2f ∕𝜕y2

||||
A proper analysis of the Hessian and its determinant would take us far afield from our
purpose in this section. Even without linear algebra, however, we can make a few salient
observations about Equation 4.8.1.

∙ If D > 0 then 𝜕2f ∕𝜕x2 and 𝜕2f ∕𝜕y2 must have the same sign. Hence, the first two con-
ditions could be written in terms of 𝜕2f ∕𝜕y2 instead of 𝜕2f ∕𝜕x2 without changing the
results.

∙ If 𝜕2f ∕𝜕x2 and 𝜕2f ∕𝜕y2 are both positive then the functionmay ormay not attain a local
minimum, but it cannot possibly attain a local maximum. This makes sense if you think
about it visually. Similarly, if both are negative then you cannot attain a minimum.

Perhaps most interestingly, what happens if 𝜕2f ∕𝜕x2 and 𝜕2f ∕𝜕y2 are different signs? In that
case D must be negative, signifying neither a maximum or a minimum. Such a point is called
a “saddle point” and it has no real equivalent among functions of one variable. The center
point of a saddle represents a local minimum as you move in one direction and a local max-
imum as you move in a different direction, so it is neither a local minimum nor maximum
of the surface. See Figure 4.5 for an example.

For a function of more than two variables f (x1, x2,…) the Hessian matrix is defined as
Hij = 𝜕2f ∕𝜕xi𝜕xj , and the second derivatives test involves the eigenvalues of the Hessian. If
all the eigenvalues are positive the critical point is a minimum, if they are all negative it’s a
maximum, and if some are positive and some negative it’s a saddle point. In all other cases
the test is inconclusive. See Problem 4.131.

EXAMPLE The Second Derivatives Test

Problem:
Find and classify the critical points of f (x, y) = x3 + 2y3 − 6x2y − 60x.
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Solution:
We begin by finding the critical points.

∇⃗f = (3x2 − 12xy − 60)î + (6y2 − 6x2)ĵ = 3(x2 − 4xy − 20)î + 6(y2 − x2)ĵ

This gradient is never undefined, so all critical points will occur at points where
∇⃗f = 0⃗. Setting y2 − x2 = 0 yields y = ±x. Plugging y = x into 3x2 − 4xy − 20 = 0 gives
no real answers, but plugging y = −x into the same equation gives x = ±2.
Critical points: (2,−2) and (−2, 2)
To classify these points we begin by finding D.

D(x, y) =
|||| 𝜕2f ∕𝜕x2 𝜕2f ∕(𝜕x 𝜕y)
𝜕2f ∕(𝜕y 𝜕x) 𝜕2f ∕𝜕y2

|||| =
|||||
6x − 12y −12x

−12x 12y

|||||
= 72xy − 144y2 − 144x2 = 72(xy − 2x2 − 2y2)

Plugging in our two critical points we find that D(2,−2) < 0 and D(−2, 2) < 0. We
conclude that this function has no local maxima or minima anywhere!

0

2

‒2

‒2

‒4

‒4

4

x

4

2

0

f

y

The plot confirms that the two critical points are both saddle points.

Stepping Back
A typical optimization problem involves one objective function that you want to optimize
and any number of constraints on the independent variables. The constraints come in two
broad categories: inequalities and equations.

An inequality defines a boundary to the domain on which you are trying to optimize the
objective function. In the “optimization on a bounded region” problem above, the variables
have to satisfy x ≥ 0, y ≥ 0, and y ≤ 6 − 2x. These three inequalities restrict f (x, y) to the tri-
angular domain shown at the beginning of that problem. In the storage chest example, the
inequalities L > 0, W > 0, and H > 0 restrict the domain to the first octant of the 3D region
(L,W ,H ).
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FIGURE 4.7 The constraint equation for the
storage chest problem confines the domain to
the 2D surface shown here. The requirement
that the dimensions can’t be negative confines
the domain to be within the boundaries shown
in bold.

The storage chest problem also has an equation
constraint, LW + 2HW + 3LH = 20. That con-
straint restricts the domain to lie on the surface
defined by that equation. A constraint equation,
unlike an inequality, reduces the dimension of the
domain.

Inequalities make an optimization problem eas-
ier in one way and harder in another. When the
independent variables are constrained to a certain
domain youmay discard any critical points you find
outside that domain. If you are looking for absolute
maxima and minima, however, you must also con-
sider all the boundaries in addition to the critical
points.

To deal with a constraint equation, one approach
is to solve the equation for one of the variables
and plug that into the objective function to reduce
the number of independent variables. In the

next section we will show you another approach using “Lagrange multipliers.” Either of
these methods can also be used to test for extrema on the boundaries of a problem with
inequalities.

4.8.3 Problems: Optimization and the Gradient

4.129 Find all critical points of the function 4x3 +
y3 + 3x2 − 90x − 48y + 15. Use the second
derivatives test to classify each critical point.

4.130 Find all critical points of the function 2x3 −
4x2y + 8xy − 56x. Use the second derivatives
test to classify each critical point.

4.131 Find all critical points of the function
x4 + 2x3 − x + y2 + z2 + xyz. Use the second
derivatives test to classify each critical point.

4.132 Walk-Through: Optimization on a Closed
Bounded Region. In this problem you will
find the absolute maximum and minimum
of the function f (x, y) = x2 + 3y2 + 4xy + 2x
on the region bounded by the line y =
x − 13 and the coordinate axes.

13
x

‒13

y

(a) Find the gradient ∇⃗f .

(b) Critical points occur where ∇⃗f = 0⃗. To
find them, set 𝜕f ∕𝜕x = 0 and 𝜕f ∕𝜕y = 0
and solve the resulting equations simul-
taneously for x and y. (In this problem
you will find only one critical point.)

(c) Next consider the first bounding curve.
i. Substitute y = x − 13 into the func-

tion f (x, y) to find a formula for
the function along this line that
only depends on x. Simplify your
answer as much as possible.

ii. Set the derivative equal to zero and
solve to find points along this line
that represent potential minima
and maxima. (Once again, in this
case you will find only one.)

(d) Repeat Part (c) along the bounding curve
x = 0. (You will find one point.)

(e) Repeat Part (c) along the bounding curve
y = 0. You will find one point, but then
you will ignore that point: explain why.

(f) List all the boundary points of
the bounding curves.

(g) Plug all the critical points you have found
and boundary points of the bounding
curves into the original function.

(h) What are the absolute maximum and min-
imum of this function on this region?
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4.133 [This problem depends on Problem 4.132.]
(a) Use the second derivatives test on the crit-

ical point you found in Problem 4.132.
What does it tell you about that crit-
ical point? Does its result agree with
what you found in that problem?

(b) Plot f (x, y) on the domain given in
the problem. Mark the critical point
and check that it is of the type you
found in Part (a). Check that the abso-
lute minimum and maximum occur at
the points you found them at.

In Problems 4.134–4.137 find the absolute maximum
and minimum values of the given function in the
given closed, bounded region. You may find it helpful
to work through Problem 4.132 as a model.

4.134 f (x, y) = x2 − 6x − y2 on the region bounded
by the curves x =

√
36 − y2 and x = 0.

4.135 f (x, y) = (2x − 2) cos y − x on 0 ≤ x ≤ 2𝜋,
0 ≤ y ≤ 2𝜋.

4.136 f (x, y) = xe−y on the region bounded by
the curves y = x2 − 3 and y = 2x.

4.137 f (x1, x2, x3, x4) = 4x1x4 + 3x1x2 − 3x2x3 sub-
ject to the constraints x1 − 4x2 − x3 = 0,
x2
1 + x3 − x4 = 0, 0 ≤ x1 ≤ 2, 0 ≤ x2 ≤ 2. Hint:
You can make this problem somewhat easier
by choosing the right variables to eliminate.

4.138 In the Explanation (Section 4.8.2) we consid-
ered a storage chest with three independent
dimensions. The volume of the storage chest
is given by the formula V = LWH and the cost
to build the chest is C = LW + 2HW + 3LH .
In this problem we will ask the question:
if your goal is to build a 24 ft3 chest, what
dimensions minimize the cost? Note that
the roles of the two equations in this prob-
lem are reversed from the Explanation: the
cost is now the function we want to minimize,
and the volume provides the constraint.
(a) Use the constraint to write an equation

solving for one of the three variables
as a function of the other two.

(b) Substitute your formula from Part (a)
into C(L,W ,H ) to find the cost as a
function of two variables.

(c) Find the gradient of your function
from Part (b).

(d) A critical point can occur if the gra-
dient is undefined. Explain why that
does not apply in this case.

(e) A critical point can also occur where
the gradient is zero, which means both

partial derivatives must be zero. Set
them equal to zero and solve to find
the dimensions of the box.

(f) Make a simple argument—no calculus
required—that your dimensions can-
not possibly maximize the cost, because
you can make the cost arbitrarily high
within the given constraints.

4.139 A box with no top is to be made all of the same
material, so its cost is C = C0(LW + 2HW +
2LH ). The post office puts a limit of 130" on
the linear dimension D = H + L + W that can
be sent by first class mail. What is the most
expensive such box that can be sent?

4.140 Prove that if you construct a rectangular
solid of surface area A the largest volume
it can have occurs when it’s a cube.

In Problems 4.141–4.144 your job is to find the point
on the given surface S that is closest to the given
point P . To put it another way, your job is to find the
point with the minimum distance to P , subject to the
constraint that your answer must lie on S. Hint:
Rather than minimizing “distance to P” it may be
easier to minimize “distance to P squared,” which will
give you the same point.

4.141 Point P is the origin and surface S is
the plane z = 2x + 5y − 10.

2

‒10

5

y

x

z

4.142 Point P is (1, 0, 0) and surface S is the
paraboloid z = x2 + y2.

y

x

z

4.143 Point P is (1, 2, 0) and surface S is
the paraboloid z = x2 + y2.
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4.144 Point P is the origin and surface S is
the surface x2y2z = 1.

4.145 A box is inscribed inside the paraboloid
z = x2 + 2y2 as follows. Start with a point (x, y, z)
in the first octant with z < 1. Extend left to −y,
back to −x, and up to z = 1. Find the starting
point (x, y, z) of the largest possible box.

x

y

z

4.146 The entropy of a gas is proportional to f lnU
where f is the number of degrees of free-
dom of the gas (which depends on how many
molecules there are and on the properties
of those molecules), and U is its energy. So
if you have three types of gas in a closed
container the total entropy will be:

S = k
[
f1 lnU1 + f2 lnU2 + f3 lnU3

]
The total energy of the system is fixed,
which corresponds to a constraint U1 +
U2 + U3 = UT where UT is a constant. This
energy can move between the different
gases, and it will do so in a way that maxi-
mizes the total entropy of the system. Show
that this maximum will be attained when
the energy of each gas is proportional to
its number of degrees of freedom.

4.147 The “moment of inertia” I of a particle about
a point is a measure of how hard it is to rotate
that particle about that pivot point. It’s given
by the formula I = mr 2 where m is the par-
ticle’s mass and r is the distance from the
particle to the pivot. The moment of inertia
of a collection of particles is simply the sum
of their individual moments of inertia. Con-
sider a system made of three particles, with
the masses and locations shown below.

m = 3

m = 2

1 2 3

1

2

3
m = 4

About what pivot point does this system have
the smallest possible moment of inertia?

4.148 [This problem depends on Problem 4.147.] The
“center of mass” of a collection of particles
with masses m1, m2, …located at positions
(x1, y1), (x2, y2), …is a point with coordinates

xCOM =
m1x1 + m2x2 +…

m1 + m2 +…
,

yCOM =
m1y1 + m2y2 +…

m1 + m2 +…

Prove that the pivot point that minimizes the
moment of inertia for a collection of parti-
cles is the center of mass of those particles.
(For this problem you are only working in
two dimensions, but it’s easy to generalize
the proof to three or more dimensions.)

4.149 Coulomb’s law says that a point charge q pro-
duces an electric field E⃗ whose magnitude at
each point equals |q|∕(4𝜋𝜀0r 2), where 𝜀0 is a
constant and r is the distance from the charge.
The direction of E⃗ is away from the charge if
q > 0 and toward it if q < 0. When you have
more than one charge the electric field at any
given point is the vector sum of the fields pro-
duced by each charge, so you have to break
the field from each charge into components
and then add them. Suppose a charge q = 5 is
placed at the point (0, 1). Your goal is to place
two negative charges q = −3 and q = −4 some-
where on the upper half (y > 0) of the unit
circle so as to minimize the magnitude of E⃗ at
the origin.
(a) Solve for the optimal location of the two

negative charges using Cartesian coordi-
nates. Hint 1: it’s easier to minimize |E⃗|2
rather than |E⃗|, but in the end it amounts
to the same thing. Hint 2: start with four
variables for the positions of the two neg-
ative charges and use the constraints from
the problem to eliminate the y-coordinates
for the charges and get two simultane-
ous equations for x3 and x4 at the critical
points. Once you use these equations to
find a relation between x3 and x4 and get
a single equation for x3, it may be easier
to solve that equation by expressing it in
terms of y3.

(b) Rewrite the electric field so that instead
of Ex(x3, y3, x4, y4) and Ey(x3, y3, x4, y4)
you have Ex(𝜙3, 𝜙4) and Ey(𝜙3, 𝜙4). Then
set those partial derivatives to zero to
find the same locations you found in
Part (a).
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Problems 4.150–4.154 are about the “least squares
method” for finding a function yfit (x) that
approximates (“fits”) a set of data points. A perfect fit
would be one that exactly went through every data
point, but that usually makes the fitting functions too
complicated. To measure the accuracy of the fit you
measure the vertical distance from each point to the
curve, ydata(x) − yfit (x), square them, and add them
together to get the “squared error.” For example, if
you fit the points (1, 1), (2, 7), (3, 30) with the curve
yfit = x3 then the squared error would be
(1 − 1)2 + (7 − 8)2 + (30 − 27)2 = 10. The smaller the
squared error is, the better the fit. (Squaring is
important because it means you are counting every
error as positive whether the data point is above or
below the line.)

4.150 Assume you want to fit the data shown below
to a linear function yfit = mx + b.

x 0 1 2 3
y 0.2 2 4.1 5.6

(a) If your goal is to find the best-fit
line to these data, what two variables
are you trying to find?

(b) Write the function that you are trying
to minimize. It should only include
the two variables you just identified,
plus a lot of numbers.

(c) Minimize that function and find the
best-fit line. Your final answer should
be in the form of an equation y = …
for the best-fit line for these data.

4.151 (a) Find the best-fit line yfit = mx + b for the
pair of points (0, y0) and (1, y1). Explain
why your answer makes sense.

(b) Find a formula for the best-fit line for
three points: (0, y0), (1, y1), and (2, y2).

4.152 Find the best-fit quadratic function
yfit = ax2 + bx + c for the following data
points:

x 0 1 2 3 4
y 2 1 3 6 10

4.153 Consider the data shown below.

x 1 2 3 4 5
y 1.4 2.7 7.2 5.6 8.1

(a) Find the best-fit cubic function yfit =
ax3 + bx2 + cx + d to these data.

(b) Find the best-fit cubic function yfit =
ax3 + bx2 + cx + d to these data subject
to the constraint a + b + c + d = 1.

(c) Plot the original data points and
the two fitting curves you found
together on the same plot.

4.154 In this problem you will see how a moder-
ately large data set can be fit by different types
of curves. (In practice engineers optimize
functions with as many as several thousand
variables, but this one is at least large enough
that you wouldn’t want to do it by hand.) Your
data set will consist of 21 evenly spaced points
from x = 0 to x = 𝜋 on the plot of y = cos x:
(0, 1), (𝜋∕20, cos(𝜋∕20)), (2𝜋∕20, cos(2𝜋∕20)),
(3𝜋∕20, cos(3𝜋∕20)), …(𝜋,−1).
(a) Have the computer calculate the squared

error for a linear fit yfit = mx + b to
these data points. Your answer should
be a function of m and b.

(b) Have the computer minimize that func-
tion of m and b (either by setting the
partial derivatives equal to zero or by using
the program’s built-in minimization func-
tion). The result should be a best-fit line
yfit . What is the squared error for this fit?

(c) Plot the data and the line together
on one plot.

(d) Find the best-fit quadratic function
for these data. Give the squared error
and plot the data and the fitting func-
tion together on one plot.

(e) Find the best-fit cubic function for
these data. Give the squared error
and plot the data and the fitting func-
tion together on one plot.

4.9 Lagrange Multipliers

4.9.1 Explanation: Lagrange Multipliers

In Section 4.8 we solved the following problem:

A storage chest is to be built to the following specifications. The left side, right side, back, and
bottom are made of a material that costs $1∕ft2. The front is made of a more decorated material
that costs $2∕ft2. There is no top. Find the largest-volume chest that can be made for $20.
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The problem contains an objective function V = LWH and a constraint C(L,W ,H ) =
LW + 2HW + 3LH = 20. In the previous section, we approached such a problem in two
steps: use the constraint to eliminate one variable in the objective function, and then find the
points where the gradient is zero or undefined. Lagrange multipliers provide an alternative
approach, based on the following formula.

Lagrange Multipliers
Given a multivariate function f to be optimized, and a constraint g = k, where g is another function
and k is a constant, the extrema will be found at points where ∇⃗f = 𝜆∇⃗g where 𝜆 is a scalar constant.

In the case of multiple constraints gi = ki , the extrema will occur where ∇⃗f =
∑

i 𝜆i∇⃗gi .

Below we demonstrate how to use Lagrangemultipliers to solve the storage chest problem.
Following that we offer a justification for the Lagrange multiplier formula.

Using Lagrange Multipliers to Solve the Storage Chest Problem
The objective function in this case—the function we want to optimize—is V (L,W ,H ) =
LWH . Its gradient is ∇⃗V =<WH ,LH ,LW >. The constraint is LW + 2HW + 3LH = 20; the
gradient of the function is ∇⃗C =<W + 3H ,L + 2H , 2W + 3L>. Setting ∇⃗V = 𝜆∇⃗C yields
three equations:

WH = 𝜆(W + 3H ) (4.9.1)

LH = 𝜆(L + 2H ) (4.9.2)

LW = 𝜆(2W + 3L) (4.9.3)

We have only three equations to solve for four unknowns. The final equation is always the
constraint itself:

LW + 2HW + 3LH = 20 (4.9.4)

If these were all linear equations we could approach them systematically with matrices.
However, there is no general, systematic approach for solving n non-linear equations for n
unknowns. Our best advice, as is so often the case, is that the more you do it the better you
get at it.

One approach that is often useful is to divide two equations, so 𝜆 cancels. Dividing
Equation 4.9.1 by Equation 4.9.2 yields W ∕L = (W + 3H )∕(L + 2H ). Cross-multiplying and
simplifying turns this into 2HW = 3HL which means that either H = 0 or 2W = 3L. We
discard H = 0 on physical grounds.

Similarly, dividing Equation 4.9.2 by Equation 4.9.3 becomes 3H = W . We can then sub-
stitute both of these results into Equation 4.9.4 to replace both L and H with W , producing:

(2∕3)W 2 + (2∕3)W 2 + (2∕3)W 2 = 20
Solving, W =

√
10. It is now a trivial matter to find L and H and then the maximum

possible volume. Of course we get the same answer we got in Section 4.8.
Lagrange multipliers can be used for many different types of constrained optimization

problems, but one common use of them is for optimization in a bounded region. Recall
from Section 4.8 that if you want to optimize a function in a bounded region you first find the
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critical points inside the region, and then you optimize the function along each of the bound-
aries. The example below shows how you can do this last step with Lagrange multipliers.

EXAMPLE Lagrange Multipliers

Problem:
In Section 4.8 we found the absolute maximum and minimum of the function
f (x, y) = x2 + y2 − 2x − 4y + 10 on a triangular region. As part of the problem, we had
to find its extreme along the line y = −2x + 6. Find the same point using Lagrange
multipliers.

Solution:
∇⃗f =

⟨
2x − 2, 2y − 4

⟩
. The constraint can be written as g (x, y) = 6 where

g (x, y) = y + 2x, so ∇⃗g =<2, 1>. So the Lagrange multiplier formula yields the
following two equations:

2x − 2 = 2𝜆 (4.9.5)

2y − 4 = 𝜆 (4.9.6)

The constraint provides the final equation as always:

y = −2x + 6 (4.9.7)

In this trivial case, Equations 4.9.5 and 4.9.6 immediately yield 2x − 2 = 2(2y − 4) or
x = 2y − 3. Substituting into Equation 4.9.7 we find that y = 12∕5, just as we found
before. From there we can quickly get x = 9∕5 and f (9∕5, 24∕5) = 29∕5. We can also
get 𝜆 = 4∕5; we don’t need that number to optimize the function, but it can be
useful, as we will discuss below.
Note that Lagrange multipliers in this problem are not a substitute for the entire

process of finding critical points and checking boundaries. They help with one part
of the process, finding critical points along a given boundary.

The “Lagrange Multiplier” in Lagrange Multipliers
When you are optimizing a function of n variables with one constraint, this method gives you
n + 1 equations for n + 1 unknowns: the original independent variables, and the “Lagrange
multiplier” 𝜆. In many cases you solve for all these variables and then ignore the 𝜆-value you
found. Your goal was to find the variables that optimize the objective function, and you’ve
found them.

But 𝜆 does have a meaning that can be useful. If we increase the value of the constraint,
𝜆 tells us how fast the objective function will change.

As an example, 𝜆 in our storage chest example above works out to be
√
10∕6. If we increase

the maximum cost of our box by some small amount dC , the maximum volume will increase
by dV =

(√
10∕6

)
dC .

Our second example above involved optimizing a function along the line y + 2x = 6. We
found that 𝜆 = 0.8. We conclude that along the line y + 2x = 6.1 the function’s optimum
value would be higher by about 0.08.
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Why Do Lagrange Multipliers Work?
This is far from a proof, but we can offer an intuitive justification for Lagrange multipliers in
two dimensions. We begin by representing the objective function f (x, y) by a contour map,
which might look something like this.

f = 10 f = 6 f = 5 f = 3
x

y

Remember how this two-dimensional map dis-
plays a function of two variables. For all points on
the lower-left-hand curve, f (x, y) = 10. All points on
the next curve over have f (x, y) = 6, and so on. You
might reasonably conclude that if our goal is to max-
imize this function, we should move down and left;
if our goal is to minimize the function, we should
move up and right.

Remember also that the gradient ∇⃗f points
perpendicular to these contour lines at all points.

When youmove perpendicular to the gradient the directional derivative is zero, whichmeans
the function doesn’t change, which defines a contour line.

Now we add the constraint g (x, y) = k to our drawing. This constraint is a single curve that
represents one contour line of the function g (x, y).

f = 10 f = 6 f = 5 f = 3

g = k

x

y

The point we want

Our goal is to follow along the curve g = k until
we reach the highest possible value of f . The key
insight is that, at that point, the two contour lines
will be parallel. If they are not parallel, you are still
cutting through contour lines of f , moving up to
higher values. Because the two curves are parallel
at this point, their gradient vectors are also parallel.
This is captured in the Lagrangemultiplier formula:
∇⃗f = 𝜆∇⃗g , where 𝜆 is a scalar, mathematically indi-
cates that ∇⃗f is parallel to ∇⃗g .

Linear Programming and the Simplex Method
Both optimization methods we have discussed, the gradient and Lagrange multipliers, solve
similar types of problems. In these problems the objective function and the constraints may
be complicated, but there are relatively few of them.

Engineers often confront problems in which all the relevant functions are linear, but the
variables and constraints number in the hundreds or thousands. Such problems require
sophisticated algorithms for moving through the space of possibilities in a reasonable
amount of time. This is referred to as “linear programming” or “linear optimization.”
In Section 4.11 Problems 4.220–4.222 (see felderbooks.com) you will solve a few linear
optimization problems small enough to be done without a computer. In Chapter 7 we will
introduce the most important linear programming algorithm, the “simplex method.”

4.9.2 Problems: Lagrange Multipliers

4.155 Walk-Through: Lagrange Multipliers. One
part of Section 4.8 Problem 4.132 required
you to find the critical point(s) of f (x, y) =
x2 + 3y2 + 4xy + 2x along the line y = x − 13.
In this problem you will repeat that exercise
using Lagrange multipliers.
(a) Find the gradient of the objective

function.

(b) Write the constraint in the form
g (x, y) = k where k is a constant. Then
find the gradient of the function
g (x, y).

(c) The equation ∇⃗f = 𝜆∇⃗g gives
you two equations to solve for
x, y, and 𝜆. Write these two
equations.
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(d) The third equation relating the three
unknown variables is the constraint itself.
Solve these three equations to find the
(x, y) coordinates of all critical points.

In Problems 4.156–4.165 you will redo the given
problems from Section 4.8. If you already did a given
problem in that section, much of the work—using the
second derivatives test to classify critical points, or
plugging in values to find maxima and minima—will
not have to be redone here. The only step you need
to redo is finding the critical points of the objective
function subject to the constraint in the problem,
which you will now do using Lagrange multipliers.
You may find it helpful to work through
Problem 4.155 as a model.

4.156 Problem 4.138.

4.157 Problem 4.139.

4.158 Problem 4.140.

4.159 Problem 4.141.

4.160 Problem 4.142.

4.161 Problem 4.143.

4.162 Problem 4.144.

4.163 Problem 4.145.

4.164 Problem 4.146.

4.165 Problem 4.153 Part (b).

In Problems 4.166–4.168 you will redo the given
bounded-region problems from Section 4.8. If you
already did a given problem in that section you can
use your results from that for the critical points in the
interior of the region. However, you will now find the
critical points on the boundaries by using Lagrange
multipliers with the boundary equations as
constraints.

4.166 Problem 4.132.

4.167 Problem 4.134.

4.168 Problem 4.136.

4.169 Section 4.8 Problem 4.137 asked for the criti-
cal points of f (x1, x2, x3, x4) = 4x1x4 + 3x1x2 −
3x2x3 subject to the constraints x1 − 4x2 −
x3 = 0 and x2

1 + x3 − x4 = 0. (That problem
also involved two other constraints that we
will ignore here.) Find those critical points
using Lagrange multipliers. Hint: The box
on Page 182 gives the formula for Lagrange
multipliers with multiple constraints.

4.170 This problem is based on Section 4.8 Prob-
lem 4.149. If you haven’t done that problem
you should read it, but you do not need to
have done that problem to solve this one.

(a) In Section 4.8 Problem 4.149 Part (a)
the two negative charges were confined
to the upper half of the unit circle. Now
suppose those charges could be any-
where on the unit circle. Explain why
loosening this restriction would make
the problem considerably more difficult
using the method of Section 4.8.

(b) Now allowing the two negative charges
to be anywhere on the unit circle, you
will solve this problem using Lagrange
multipliers. Write, but do not yet solve,
the six equations for the six unknowns
(the x and y positions of the two par-
ticles, plus two Lagrange multipli-
ers for the two constraints).

(c) Solve your equations to find the posi-
tions of the two negative charges.

4.171 The Explanation (Section 4.9.1) justified
the formula ∇⃗f = 𝜆∇⃗g by arguing that at
such a point the curve g (x, y) = k is parallel
to the level curves of f . But this logic does
not work if 𝜆 = 0. Does that special case also
lead to a critical point? Why or why not?

4.172 There is a classic optimization problem
known as the “milkmaid problem.” A milk-
maid is at the location (xM , yM ) and she
needs to milk a cow at location (xC , yC ).
Before milking the cow, however, she needs
to stop by the river to wash her pail.

M

C

The path of the river is described by the
equation g (x, y) = 0 for some function g . Her
goal is to find the point (x, y) on the river that
will allow her to wash her pail and then get to
the cow with as little travel distance as possible.
(a) Using Lagrange multipliers, write the

equations that need to be solved to
find the optimal point (x, y) where the
milkmaid should wash her pail.

(b) Write and solve those equations assum-
ing the river flows long the x-axis, the
milkmaid’s initial position is (3, 2), and
the cow’s position is (1, 2). Explain
why your answer makes sense.

(c) Write and solve those equations assum-
ing the river flows long the line y = x,
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the milkmaid’s initial position is (1, 3),
and the cow’s position is (3, 5). Explain
why your answer makes sense.

(d) Assume the river is described by
the curve y = x3, the milkmaid’s initial
position is (0, 2), and the cow’s posi-
tion is (1, 4). Have a computer numer-
ically calculate where the milkmaid
should wash her pail. Make a plot show-
ing the river, the two points given here,
and the point you just found.

4.173 Your spaceship needs to gather rock samples
from a planet’s surface and deliver them to
a nearby space station. You are currently at
location (50, 10, 20) and the space station is
at (30, 20, 30). (All coordinates are measured
in thousands of miles in a coordinate system
with the origin at the center of the planet.)
You need to choose where to gather the rocks
so that you can reach the space station with
as little distance traveled as possible.

(a) Write the function you are trying to mini-
mize in terms of the coordinates (x, y, z) of
the point where you will gather the rocks.

(b) The planet’s surface is a sphere of
radius 10 centered on the origin.
Write the constraint equation that
x, y, and z must satisfy.

(c) Set up, but do not yet solve, the equations
to find the coordinates of the point
where you should gather the rocks.

(d) Numerically solve the equations
you wrote to find the coordinates where
you should land on the planet.

4.174 The squared distance from some point (a, b)
to some other point (x, y) is (x − a)2 + (y − b)2.
For simplicity assume throughout this prob-
lem that both points are in the first quadrant.
(a) Use Lagrange multipliers to find the

point (x, y) that minimizes this squared
distance subject to the constraint that
(x, y) is on the line y − x = 0.

(b) Find the value of 𝜆 in the equations you
used. Explain what this value represents.

(c) Repeat Parts (a)–(b) with the con-
straint y2 − x2 = 0.

(d) You should have found that the point
(x, y) (and thus the distance) was the
same for the two constraints, but 𝜆
was different. Explain why you should
expect both of those to be true.

4.175 A projectile launched from the ground
with initial velocity components vx and
vy will travel a distance equal to 2vxvy∕g .
The energy that you initially give to the
projectile is (1∕2)m(v2

x + v2
y ).

(a) Use the method of Lagrange multipliers
to find the maximum possible distance
a projectile can go subject to the con-
straint that its initial energy is E .

(b) Find the value of 𝜆 from the equations
you wrote.

(c) Using that value of 𝜆, how much farther
can the projectile go if you increase the
energy you launch it with by dE?

4.176 The Cobb–Douglas production function mod-
els the production of a commodity with the
equation Y = AL𝛼K 𝛽 where Y is the total value
of the commodity produced, L and K are the
input of labor and capital respectively, and A,
𝛼, and 𝛽 are constants related to overall pro-
ductivity (e.g., the technology level). For this
problem take A = 20, 𝛼 = 0.6, and 𝛽 = 0.4,
where all monetary values are measured in
hundreds of thousands of dollars and times in
months. The costs of labor and materials are
C = 30L + 50K , and your total budget is 200.

(a) Use Lagrange multipliers to find the val-
ues of L and K that maximize your pro-
duction subject to the constraint C = 200.

(b) Find the value of 𝜆 from your equations.
(c) Explain what 𝜆 tells you about the

production of your firm. Use only
words, no formulas.

(d) Based on the value of 𝜆 you found, how
much could you increase your production
if your budget increased by $10.00?

4.177 The number of thneeds your company can
produce is L𝛼K 𝛽 where L is the number of
workers and K is the number of thneed-
making machines they operate. Your total
profit is P = TL𝛼K 𝛽 − sL − cK where T , s,
and c are the price of a thneed, the wage
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of a worker, and the operating costs of
a thneed-making machine, respectively.4

However, labor laws require that each worker
may only oversee one machine: L = K .
(a) Use Lagrange multipliers to find the

value of L that maximizes your profit
subject to the constraint L = K .

(b) Solve for 𝜆 in the equations you
wrote.

(c) A government worker offers to bend
the regulations, allowing you to use

fewer workers than the law requires, in
exchange for a modest “compensation”
(bribe). Based on the value of 𝜆 you
found, what is the maximum bribe you
should be willing to offer in order to have
w fewer workers than machines?

(d) Just to get specific, suppose T = 1000,
𝛼 = 0.8, 𝛽 = 0.2, s = 10, and c = 1.
How much should your company be
willing to pay in order to be allowed
to hire 1000 fewer workers?

4.10 Special Application: Thermodynamics
(see felderbooks.com)

4.11 Additional Problems (see felderbooks.com)

4Thanks to Martin Osborne, from whose idea this problem was adapted with permission.
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4.7 Tangent Plane Approximations
and Power Series
It is often helpful to use a linear approximation to replace a complicated function f (x) with a
linear function that approximates f well when x is within a certain domain. If more accuracy
is needed Taylor series can give higher order polynomial approximations. Such approxima-
tions were the main focus of Chapter 2.

In this section we apply a similar technique to multivariate functions, finding first a linear
approximation (a plane), and then extending it to higher order terms.

4.7.1 Discovery Exercise: Tangent Plane Approximation

The drawing shows a function z = f (x, y). Our goal is to find a plane that will approximate
this function near the point (x0, y0, z0): a tangent plane to the surface. The drawing does not
show the tangent plane, but it does show two tangent lines at that point, one with a constant
x and one with a constant y.

x

y

x = x0

z

y = y0
(x0, y0)

1. For a given function f (x, y), how would we find the slope of the line labeled y = y0?
(Remember that this is the slope of the function in the x-direction, holding y
constant.)

2. How would we find the slope of the line labeled x = x0?
3. Recall that we are looking for a plane that we can use to approximate f . The equation

for a plane can be written in the form z = a(x − x0) + b(y − y0) + c. Use this equation
to answer the following questions:
(a) At the point (x0, y0), what is the value of z?
(b) What is the slope of z at that point as you move in the x-direction?
(c) What is the slope of z at that point in the y-direction?

1
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4. Find the values of a, b, and c for which the plane z(x, y) has the same value, slope in
the x-direction, and slope in the y-direction as f (x, y) at the point (x0, y0).
See Check Yourself #24 in Appendix L

5. Once we have made the proper choice, will our plane also match the slopes of the
original function in all other directions at that point? How do you know?

4.7.2 Explanation: Tangent Plane Approximations
and Power Series

In Chapter 2 we found the tangent line to a curve at a given point. That’s not a useless
geometric exercise: the tangent line is useful because it serves as a linear approximation to the
original function, and we can solve many important problems for linear functions that we
cannot solve for more complicated functions. If a linear approximation is not sufficient, we
can add more terms—a Taylor series—creating a higher order polynomial to approximate
the function as accurately as necessary.

In this section we extend these ideas to multivariate functions. Our initial goal is to find
the tangent plane to a surface. Once again, the real purpose of this exercise is to approximate
a complicated function with something easier to work with. And once again, we will end with
a formula that can be used to extend the approximation to higher order terms if necessary.

A Formula for the Tangent Plane
What is the definition of a tangent line to a curve? What makes it… tangent? Our answer is
that the tangent line and the curve share a point, and they share the same derivative at that
point. Based on that definition we can arrive quickly at a formula: the tangent line to y = f (x)
at the point (x0, y0) is y = y0 + f ′(x0)(x − x0). The tangent line works as a good approximation
to the original curve for values close to x0 because both functions start at the same y-value
and move up (or down) from there at the same rate.

A similar argument applies in higher dimensions. We begin with a definition: a tangent
plane to the surface z = f (x, y) at the point (x0, y0, z0)must contain that point, andmustmatch
the original function at that point in both its partial derivatives. If the two functions share
both their partial derivatives, then all their directional derivatives will be the same at that
point. (Remember that Du⃗f = ∇⃗f ⋅ u⃗ and ∇⃗f =

(
𝜕f ∕𝜕x

)
î +

(
𝜕f ∕𝜕y

)
ĵ.) Such a plane works

as a good approximation for the original surface for points close to (x0, y0) because both
functions start at the same z-value and, no matter which direction you travel in, they move
up (or down) from there at the same rate.

x

y

x = x0

z

y = y0
(x0, y0)

These considerations are enough to arrive at a formula.
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The Tangent Plane to a Surface

Given a surface S defined by a function z = f (x, y) that is differentiable at the point (x0, y0), the
tangent plane to S at (x0, y0) is given by the following formula.

z = f (x0, y0) +
(
𝜕f
𝜕x

(x0, y0)
)
(x − x0) +

(
𝜕f
𝜕y

(x0, y0)
)
(y − y0) (4.7.1)

We present this formula with no derivation, although you may have arrived at something
similar on your own if you worked through the Discovery Exercise (Section 4.7.1). As always,
however, you shouldn’t take our word for it. Convince yourself of the following facts.

∙ Equation 4.7.1 does in fact define a plane. (There are of course rigorous ways to prove
this but you can see it intuitively by considering some possible values for the constants
in the formula, which is everything on the right-hand side except x and y, and seeing
what the function looks like.)

∙ The plane and the original function f (x, y) intersect—have the same z-value—at (x0, y0).
∙ At that point, the plane and the original function also have the same 𝜕z∕𝜕x and the

same 𝜕z∕𝜕y.

If those conditions are satisfied, then we have found the tangent plane we are looking for.

EXAMPLE Tangent Plane

Problem:
Find the tangent plane to the function f (x, y) = 3y + ln(2x + y) at the point (0, 1), and
use it to approximate f (0.1, 0.96).

Solution:
f (0, 1) = 3.
𝜕f ∕𝜕x = 2∕(2x + y), so 𝜕f ∕𝜕x(0, 1) = 2.
𝜕f ∕𝜕y = 3 + 1∕(2x + y), so 𝜕f ∕𝜕y(0, 1) = 4.
The formula for the tangent plane is therefore z = 3 + 2x + 4(y − 1).
This formula gives f (0.1, 0.96) ≈ 3.04. (The actual value is roughly 3.03.)

If a function depends on more than two variables, add a term for each variable. For
example, the linear approximation to a function f (x, y, z) about the point (x0, y0, z0) is given
by

f (x0, y0, z0) +
(
𝜕f
𝜕x

(x0, y0, z0)
)
(x − x0) +

(
𝜕f
𝜕y

(x0, y0, z0)
)
(y − y0) +

(
𝜕f
𝜕z

(x0, y0, z0)
)
(z − z0)

Linearizing Higher Order Differential Equations
As with single-variable linear approximations, one of themost important applications of mul-
tivariate linear approximations is to turn non-linear (and unsolvable) differential equations
into linear ones that can actually be solved. Inmany cases the “variables” in the linear approx-
imation are the dependent variable in the problem and its derivative(s).
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EXAMPLE Linearizing a Differential Equation

Problem:
Find and solve a linear approximation to the differential equation

ẍ = 1 − e3x+4ẋ

(Recall that ẋ means the derivative of x with respect to time.)

Solution:
The problem presents us with a function ẍ(x, ẋ). If x and ẋ are small then we can
replace this function with a linear approximation around (0, 0). Note how the
following numbers all come directly from the differential equation itself.

ẍ(0, 0) = 0, (𝜕ẍ∕𝜕x)(0, 0) = −3, and (𝜕ẍ∕𝜕ẋ)(0, 0) = −4, so 1 − e3x+4ẋ ≈ 0 − 3x − 4ẋ.

The equation ẍ = −4ẋ − 3x can be solved by guessing an exponential solution, which
leads to x(t) = Ae−3t + Be−t . Of course, it’s important to remember that this solution is
only useful for small values of both x and ẋ! Fortunately this solution shows that if x
and ẋ start out small they will remain so since they will decay exponentially.

Higher Order Terms
A Taylor series begins with a linear approximation but adds higher order terms to match
the second, third, and higher order derivatives of the function, providing a more accurate
estimation tool. You can expand a function f (x) into a Taylor series around the value x = x0
with the formula:3

f (x) =
∞∑

n=0

(
dnf
dxn (x0)

)
1
n!

(x − x0)n

= f (x0) + f ′(x0)(x − x0) +
f ′′(x0)
2

(x − x0)2 +
f ′′′(x0)

6
(x − x0)3 +…

If you want to find the third-order term in the expansion of
√

x around x = 25, this formula
tells you to evaluate the third derivative of

√
x at x = 25 and divide it by 3!, and that gives

you the coefficient of (x − 25)3. In this fashion you can build a third-order polynomial that
matches the original function’s y-value and its first three derivatives at x = x0. Note that the
“0th derivative” of a function f (x) is defined to be the function f (x) itself (and recall that
0! = 1), so the first term in this series is f (x0) as shown above.

The formula for a multivariate Taylor series looks similar.

The Taylor Series for a Multivariate Function

If a function f (x, y) can be expanded into a polynomial around the point (x0, y0), then the formula
is given by:

f (x, y) =
∞∑

n=0

∞∑
m=0

(
𝜕n+mf
𝜕xn𝜕ym

(x0, y0)
)

1
n!m!

(x − x0)n(y − y0)m (4.7.2)

To compute a Taylor polynomial of order 5, you write out all the terms for which n + m ≤ 5.
(The extension of this formula to functions of more than two variables is straightforward; see

Problem 4.123.)

3Some people write the first term separately and start the series at n = 1, which avoids 00 appearing in the first term
for x = x0.
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In Problem 4.122 you will show that this formula makes a logical extension of our
tangent plane. It reduces to Equation 4.7.1 in the case of a first-order approximation. For
a second-order approximation, it matches the function f (x, y) at the point (x0, y0) with the
same z-value, the same (two) first derivatives, and the same (three) second derivatives.
A third-order approximation matches all those plus all four third derivatives, and so on. In
Problem 4.114 you’ll go through part of the argument for why these requirements lead to
this particular formula.

EXAMPLE Multivariate Taylor Series

Problem:
Find the second-order approximation to the function z = 3y + ln(2x + y) at the point
(0, 1), and use it to approximate z(0.1, 0.96).

Solution:
First calculate the relevant derivatives, remembering that the 0th derivative is just the
function itself.

𝜕0z
𝜕x0𝜕y0

= z(x, y) = 3y + ln(2x + y) so 𝜕0z
𝜕x0𝜕y0

(0, 1) = 3

𝜕1z
𝜕x1𝜕y0

= 𝜕z
𝜕x

= 2
2x + y

so 𝜕1z
𝜕x1𝜕y0

(0, 1) = 2

𝜕1z
𝜕x0𝜕y1

= 𝜕z
𝜕y

= 3 + 1
2x + y

so 𝜕1z
𝜕x0𝜕y1

(0, 1) = 4

𝜕2z
𝜕x2𝜕y0

= 𝜕2z
𝜕x2

= −4∕(2x + y)2 so 𝜕2z
𝜕x2𝜕y0

(0, 1) = −4

𝜕2z
𝜕x0𝜕y2

= 𝜕2z
𝜕y2

= −1∕(2x + y)2 so 𝜕2z
𝜕x0𝜕y2

(0, 1) = −1

𝜕2z
𝜕x1𝜕y1

= 𝜕2z
𝜕x𝜕y

= −2∕(2x + y)2 so 𝜕2z
𝜕x1𝜕y1

(0, 1) = −2

Plug this into the formula for a second-order Taylor series.

z(x, y) = 3 + 2x + 4(y − 1) − 2x2 − (1∕2)(y − 1)2 − 2x(y − 1)

This formula puts z(0.1, 0.96) at 3.027. (The actual value is roughly 3.028.)

As with Taylor series for one variable, you can find Taylor series for multivariate func-
tions by multiplying other Taylor series, differentiating or integrating other Taylor series, or
plugging in combinations of variables into them. This is shown in the example below and
explored further in the problems.
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EXAMPLE Building a Complicated Taylor Series
from Simpler Ones

Problem:
Find the second-order Maclaurin series for f (x, y) = ex sin(x + y).

Solution:
We can find the Maclaurin series for sin(x + y) by plugging x + y into the series for sin:

sin(x + y) = (x + y) −
(x + y)3

6
+…

Next we multiply this by the Maclaurin series for ex , being careful to keep all terms up
to the second order.

f (x, y) =
[
1 + x + x2

2
+ x3

6
+…

] [
(x + y) −

(x + y)3

6
+…

]
≈ x + y + x2 + xy

You’ll show in Problem 4.124 that you get the same answer using Equation 4.7.2.

4.7.3 Problems: Tangent Plane Approximations
and Power Series

4.111 Let f (x, y) =
√

x + y2, and let g (x, y) be the
tangent plane to f (x, y) at the point (40, 3).
(a) Find the formula for g (x, y).
(b) Show that f (40, 3) = g (40, 3) and

∇⃗f (40, 3) = ∇⃗g (40, 3).
(c) Calculate f (41, 2.9) and g (41, 2.9).
(d) Calculate f (50, 5) and g (50, 5).
(e) In which case, Part (c) or (d), did

g (x, y) serve as a better approxima-
tion of f (x, y)? Why?

4.112 [This problem depends on Problem 4.111.] Let
h(x, y) be the second-order Taylor approxima-
tion to the function f (x, y) at the point (40, 3).
(a) Find the formula for h(x, y).
(b) Show that at the point (40, 3), 𝜕2f ∕𝜕x2 =

𝜕2h∕𝜕x2 and 𝜕2f ∕𝜕x 𝜕y = 𝜕2h∕𝜕x 𝜕y
and 𝜕2f ∕𝜕y2 = 𝜕2h∕𝜕y2.

(c) Calculate h(41, 2.9) and h(43, 2.5).
(d) At both points, did g or h work bet-

ter as an approximation for f ?

4.113 One term in the Taylor series for a func-
tion f (x, y) around (0, 0) is(

𝜕5f
𝜕x2𝜕y3

(0, 0)
)

1
2! × 3!

x2y3

(a) Write down the term involving x7 and y4.
(b) Write down the term involving the same

powers in a Taylor series around (−3, 𝜋).
4.114 One term in the Taylor series for a

function f (x, y) around (0, 0) is C23x
2y3

where C23 is a constant.
(a) Find d2∕dx2 of this term evaluated at (0, 0).
(b) Find d3∕dx3 of this term evaluated at (0, 0).
(c) Find d2∕(dx dy) of this term eval-

uated at (0, 0).
(d) Find d6∕(dx3dy3) of this term eval-

uated at (0, 0).
(e) We just asked you four different

questions—four different derivatives
of this function, all evaluated at (0, 0).
Write down and answer another such
question. Your answer should not be
zero. (Hint: there is only one correct
question you can ask here!)

(f) The Taylor series and the function f (x, y)
should give the same answer for the
derivative you wrote in Part (e). What
value of C23 accomplishes this goal?

4.115 Find the tangent plane approximation
to the function f (x, y) = sin(2x) cos(3y)
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at the point (𝜋∕6, 𝜋∕6) and use it to
approximate f (1∕2, 1∕2).

4.116 Find the second-order approximation
to the function f (x, y) = sin(2x) cos(3y)
at the point (𝜋∕6, 𝜋∕6) and use it to
approximate f (1∕2, 1∕2).

4.117 Find the tangent plane approximation to the
function z = x∕y at the point (6, 2, 3).

4.118 Find the second-order approximation to the
function z = x∕y at the point (6, 2, 3).

4.119 Find the fourth-order Taylor series approx-
imation for sin(x + y2) around (0, 0).
(Hint: There’s a quick and easy way to
do this. Just be sure that you toss out all
terms above the fourth order.)

4.120 It is possible to do this entire problem
without using Equation 4.7.2. (The sec-
ond part can come quickly from the first,
and the third from the second.)
(a) Find the third-order Taylor series approx-

imation for sin(x + y) around (0, 0).
(b) Find the third-order Taylor series approx-

imation for sin(x + y) around (0, 𝜋).
(c) Find the second-order Taylor series

approximation for cos(x + y) around (0, 𝜋).
4.121 (a) Find the third-order Taylor series approx-

imation for ex+2y around (0, 0).
(b) Take 𝜕∕𝜕x of your answer to part

(a). The result is the second-order
Taylor series approximation for what
function?

(c) Take 𝜕∕𝜕y of your answer to part (a). The
result is the second-order Taylor series
approximation for what function?

4.122 Write all the terms of Equation 4.7.2 for
which n + m ≤ 1—in other words a first-order
series. Show that this results in Equation 4.7.1,
the tangent plane approximation.

4.123 Equation 4.7.2 gives the formula for the Taylor
series of a function of two variables f (x, y).
(a) By extending this formula, write the

formula for a Taylor series of a three-
variable function: f (x, y, z) = ….

(b) Use your formula to calculate the first-
order- and second-order Maclaurin series
for the function f (x, y, z) = x2 + ye5z .

(c) Use your first-order- and second-
order expansions to approximate
f (0.01, 0.02,−0.01). As a check on your
formula, your answers should both
be close to the correct value and your
second-order one should be closer
than the first-order one.

4.124 Find the second-order Maclaurin series
for f (x, y) = ex sin(x + y) by plugging it into
Equation 4.7.2 and verify that you get the
same answer we derived for it by easier meth-
ods in the Explanation (Section 4.7.2).

4.125 Suppose an object A is moving with a velocity
vAB relative to an object B, and B is moving
with a velocity vBC (in the same direction)
relative to an object C. According to special
relativity, the velocity of A with respect to C is:

vAC =
vBC + vAB

1 + vBC vAB∕c2

where c, the speed of light, is a constant.
(a) Find the linear approximation to

vAC when both velocities are much
smaller than c. Explain why your
answer makes sense physically.

(b) Find the second-order approximation
to vAC when both velocities are close to
the speed of light. Use your approxima-
tion to confirm that, as both velocities
approach c, vAC also approaches c (not
2c as classical mechanics would predict).

4.126 Find an approximate general solution to the
differential equation d2x∕dt2 = (1 + x + ẋ)∕
(1 + x − ẋ) using a linear approximation valid
when x and ẋ are both close to 0.

4.127 Two coupled pendulums of length L are con-
nected as shown in the figure below.

θ1

θ2

The equations describing this system are

2𝜃1 + 𝜃2 cos
(
𝜃1 − 𝜃2

)
+ 𝜃̇

2
2 sin

(
𝜃1 − 𝜃2

)
+ 2

g
L
sin 𝜃1 = 0 (4.7.3)

𝜃2 + 𝜃1 cos
(
𝜃1 − 𝜃2

)
− 𝜃̇

2
1 sin

(
𝜃1 − 𝜃2

)
+

g
L
sin 𝜃2 = 0 (4.7.4)

These equations have no solution in terms
of simple functions. If you assume the ampli-
tude of oscillations is small, however, then
you can find approximate solutions.
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(a) The first equation begins with a func-
tion of 𝜃1, 𝜃2, 𝜃̇2, 𝜃1, and 𝜃2. Write
the linear approximation for that
five-variable function.

(b) Do the same for the second equation
(with a slightly different list of vari-
ables) and then write the two resulting
simpler differential equations.

The differential equations you just
wrote do have relatively simple solutions,
which describe the motion of these pen-
dulums for small oscillations. One such
solution takes the following form.

𝜃1 = Ae
it

√(
2+

√
2
)
(g∕L)

(4.7.5)

𝜃2 = Be
it

√(
2+

√
2
)
(g∕L)

(c) Plug this solution into your linear approx-
imation to Equation 4.7.3 and solve

for A in terms of B. Plug all the num-
bers into a calculator and express your
answer in the form A =<a number>B.

(d) Repeat Part (c) for your approximation
to Equation 4.7.4 and verify that you get
the same relationship between A and
B. This tells you that for any two num-
bers A and B with the relationship you
found, Equation 4.7.5 is a solution to
this pair of differential equations.

(e) If the motion of the coupled pendulum is
described by this solution and the upper
pendulum is oscillating with an ampli-
tude of 5◦, what will be the amplitude of
oscillation of the lower pendulum?

4.128 Generate plots of the function z =
sin(x2y) in the range −2 ≤ x ≤ 2, −2 ≤ y ≤ 2
and of its power series at different orders.
What order do you need to go to before
the power series plot looks nearly identical
to the plot of the actual function?



7in x 10in Felder c04_online.tex V3 - January 21, 2015 9:44 A.M. Page 9

4.10 | Special Application: Thermodynamics 9

4.10 Special Application: Thermodynamics
A sealed canister is filled with gas. A thermometer allows you to constantly monitor the tem-
perature of the gas, a manometer lets you monitor its pressure, and a heating coil allows
you to add controlled amounts of energy to it. In one experiment you tighten the lid of the
container and slowly add energy until the temperature of the gas has gone up by 5 K. You
record the amount of energy you added and the change in pressure that resulted. In a second
experiment the lid is a piston that can slide up or down freely, allowing the gas to expand
or contract. The piston is still sealed so no gas can enter or leave, and it’s insulated so the
only cooling or heating comes from the coil that you control. This time as you add energy
you find that the gas expands, pushing the piston up, and the pressure of the gas remains
constant. You also find that you need to add more energy to the gas to raise its temperature
by 5 K than you had needed when the lid was locked in place.

These experiments fall within the domain of “thermodynamics,” which deals with the flow
of energy between systems. It is one of the fields that most heavily uses partial derivatives and
differentials. In Problem 4.178 you’ll come back to these two experiments and calculate the
changes in pressure, volume and energy in both cases. In order to get there, you’ll need
some of the central formulas of thermodynamics:

1. The “first law of thermodynamics,” which can be rewritten as the “thermodynamic
identity,” addresses the ways in which energy transfers into and out of a system.

2. “Heat capacity” addresses the change in temperature that results from such a transfer
of energy.

The first law, and the application of heat capacity to a system, are universal. To figure out the
heat capacity of a specific system, you need more information about that system. This brings
us to our last topic:

3. The “ideal gas law” and “equipartition theorem” describe specific systems in enough
detail to allow you to figure out their heat capacities in many cases. Although these
laws are not universal, they apply in a broad variety of important real-world situations.

The First Law of Thermodynamics and the Thermodynamic Identity
A brick lying on the ground has an “internal energy” U due to the motions of its molecules
and the forces between them. A brick falling from a roof has a “total energy” E which is the
sum of internal, kinetic, and potential energies. In this section we will consider containers of
gas at rest. They may expand or contract, but they won’t move, so their only energy changes
will be in their internal energy. There are two ways a system’s environment can change the sys-
tem’s internal energy. Heat (Q) is the spontaneous transfer of energy from a hot object to a
cold object. Work (W ) is essentially any other transfer of energy, which can include mechan-
ical work (pushing or pulling the system), electrical work (running a current through it),
and more.5 The relationship between energy, heat, and work is expressed in the “first law of
thermodynamics”:

dU = Q + W the first law of thermodynamics (4.10.1)

We don’t usually set a differential equal to a normal quantity, but Q and W are not normal
variables. Q is the heat entering the system; it is not an energy, but the increase in energy due
to one specific cause. (Some texts use ΔQ and dQ for normal and infinitesimal flows of heat
respectively, but that seems to imply “a change in heat” which is not completely accurate;
rather, heat itself is a change in energy.) W is also a change, the energy added to the system

5We are assuming that each system maintains a constant number of particles, which rules out energy exchange by
direct transfer of particles from one system to another.
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due to all other causes. (Some texts define W as the work done by the system, and therefore
write dU = Q − W .) We will use Q and W without a prior Δ or d, and you will need to know
from context whether we are referring to a regular change in energy or an infinitesimal one.

In this section we will consider the relatively simple case of a gas in a closed container,
and we will only consider work done by compressing or expanding the gas. You will show
in Problem 4.189 that the work done on a gas when it is compressed by a small amount
dV is −P dV , where P is the pressure of the gas and V is its volume. The sign is negative
because positive work is done on the system when dV is negative. The heat entering a system
can similarly be written as T dS where T is the temperature and S is the “entropy.”6 That
expression can be derived from a more fundamental definition of entropy having to do with
the microscopic properties of the system, but for our purposes you can think of dS = Q∕T
as the definition of entropy. (It’s how entropy was first defined.) Putting all this together
gives the “thermodynamic identity,” which (among its other virtues) looks more like a good
equation with differentials should.

dU = T dS − P dV the thermodynamic identity (4.10.2)

Heat Capacity
When you add energy to a system you generally increase its temperature. The amount of
heat required per unit increase in temperature is the “heat capacity” (C) of the system. This
definition can be written as C = Q∕dT . Using dS = Q∕T (from above) we get:

C = T dS
dT

(4.10.3)

In this form, however, the definition of heat capacity is ambiguous because the entropy
depends on all three of the state variables T , P , and V . How fast entropy changes with respect
to temperature depends on what is happening to the other two variables at the same time.
The simplest possibility is to hold the volume constant (dV = 0), so Equation 4.10.2 becomes
dU = T dS. Putting that together with Equation 4.10.3 and the chain rule,

CV =
(
𝜕U
𝜕T

)
V

heat capacity at constant volume

Recall that the subscript V on this partial derivative means V is the variable you are holding
constant as you differentiate with respect to T . We’ll discuss this issue in more detail below.

Physically, this is the heat capacity of a system assuming there is no work being done on
or by the system (P dV = 0). While CV is relatively simple to calculate for many systems, it is
not usually the heat capacity of interest. That’s because when you heat something it tends
to expand, which causes it to do work on its environment: it is the pressure, rather than the
volume, that stays constant. Most tabulated values of heat capacity refer to “heat capacity at
constant pressure.” In Problem 4.198 you will show that

CP =
(
𝜕U
𝜕T

)
P
+ P

(
𝜕V
𝜕T

)
P

heat capacity at constant pressure (4.10.4)

Since some of the energy you put in as heat is going into work on the environment, the heat
you need to add to get a certain increase in temperature is greater, so CP is always larger
than CV .

6This section will contain many formulas with temperature in them. Those formulas only work if temperature is
measured in Kelvin, or some other scale where T = 0 means the absolute zero of temperature. If you think about
the familiar ideal gas law PV = nRT (which we discuss below), it should be clear that if a gas is at 0◦ Fahrenheit that
doesn’t mean P or V is zero. The ideal gas law, likemost thermodynamic formulas, simply isn’t true for temperatures
in Fahrenheit or Celsius.
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Ideal Gases
To make calculations about a particular fluid, you need to know the relationships between
properties such as pressure, volume, temperature, and energy. Different relationships lead
to different behavior. Here we address only one case, an “ideal gas.” But this case is not just
a textbook oversimplification: more complicated systems can often be approximated by the
ideal gas law in cases of low densities, such as the densities typically found at room tempera-
ture and pressure, so these equations serve as a useful model for most gases an engineer is
likely to encounter. You’ll consider some other systems in the problems.

We will need two equations to model an ideal gas. The first, the “equation of state,” relates
pressure, volume, and temperature:

PV = nRT the ideal gas equation

Here n is the number of moles (number of molecules divided by a constant called
“Avogadro’s number”) and R = 8.3 J/(mol K) is a constant.7

The second equation, which applies to ideal gases and a variety of other systems, relates
the internal energy to the temperature:

U =
f
2

nRT the equipartition theorem

Here f is the number of “degrees of freedom,” which essentially means how many ways the
molecules can move. A monatomic molecule such as helium has three degrees of freedom
because it can move in three independent directions. A diatomic molecule such as hydrogen
can also move in three directions, but in addition it can rotate around two independent axes,
so it has five degrees of freedom. (Technically you could consider other degrees of freedom
such as vibrations or rotations about the long axis of a diatomic molecule, but for quantum
mechanical reasons those motions cannot be excited at room temperature for most gases.)

The equation of state and the equipartition theorem allow you to predict measurable
quantities. For example, the heat capacity at constant volume of an ideal gas is

CV =
(
𝜕U
𝜕T

)
V
=

f
2

nR (4.10.5)

For a container with five moles of helium gas, CV is thus 20.8 J ∕K .

Another look at (𝜕f∕𝜕x)y
Throughout this section, and throughout thermodynamics more generally, frequent use is
made of the notation (𝜕f ∕𝜕x)y, meaning the partial derivative of f with respect to x, holding
y constant. To consider in more detail what such a derivative means, we turn briefly to a
non-thermodynamic example from basic Geometry.

The area of a right triangle can be written8 as A = (bc2 − b3)∕(2a), where a and b are the
legs and c is the hypotenuse. If the side lengths are changing, then the chain rule gives us
dA∕dt = (𝜕A∕𝜕a)(da∕dt) + (𝜕A∕𝜕b)(db∕dt) + (𝜕A∕𝜕c)(dc∕dt), which becomes:

dA
dt

=
(
−(bc2 − b3)

2a2

)(da
dt

)
+
(

c2 − 3b2

2a

)(db
dt

)
+
(bc

a

)(dc
dt

)
(4.10.6)

7Physicists often write the ideal gas equation in terms of the number of molecules rather than the number of moles:
PV = NkBT . “Boltzmann’s constant” kB is just R divided by Avogadro’s number.
8You can easily confirm this formula for yourself. Your next question might be “Who would write it that way, and
why?” We would, because we’re writing a math book. So there.
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We’re about to say some unflattering things about this equation, but first a word of reassur-
ance: if we tell you the side lengths of a right triangle and how fast those lengths are changing,
Equation 4.10.6 will correctly tell you how fast the area is growing. We are not about to take
back everything we’ve promised about the chain rule.

But we are about to point out that (𝜕A∕𝜕a) is a fictitious quantity.
You know by now that (𝜕A∕𝜕a) means “Find how much A changes if you change a while

holding b and c constant.” But you also know that you cannot possibly change a while holding
b and c constant! The three variables are related by the Pythagorean theorem: a2 + b2 = c2.
If you change one side, one or both of the others must change. (You can’t have a 3.01-4-5
right triangle.) So 𝜕A∕𝜕a is a useful quantity, as a step toward finding a total dA, but it is not
physically meaningful by itself. In fact, as you will show in Problem 4.191, different forms of
the area formula lead to completely different values for 𝜕A∕𝜕a.

EXAMPLE Same Partial Derivative, Different Answers

Question: The function f (x, y) = x + y is defined on the domain y = x. Find 𝜕f ∕𝜕x.

One solution:
If we take the function as given, f (x + y) = x + y, then clearly 𝜕f ∕𝜕x = 1.

Some other solutions:
Because this function is subject to a constraint, we can use the equation y = x to
rewrite the function. If we write it as f (x, y) = 2y then 𝜕f ∕𝜕x = 0. And if we rewrite it as
f (x, y) = 2x then 𝜕f ∕𝜕x = 2.

Why did we get three answers for one question? Because the question involves a useful
fiction. You cannot “change x while holding y constant” while also maintaining the
constraint y = x.

So why did you write a whole chapter about partial derivatives if they don’t mean anything?
Two reasons. First, sometimes they do mean something. If x and y were truly
independent, then 𝜕f ∕𝜕x would be a real and meaningful quantity. And as we will see
below, even when there is a constraint, we can frame partial derivatives in a perfectly
meaningful way by carefully specifying what stays constant and what doesn’t.
But the second reason is even more important: as we stressed above, the chain rule

still works! In this example, if you write df ∕dt = (𝜕f ∕𝜕x)(dx∕dt) + (𝜕f ∕𝜕y)(dy∕dt) you
will get the right answer, df ∕dt = 2(dx∕dt), no matter what form you use.
In short, there are two kinds of partial derivatives: the ones that are physically

meaningful (and have one unique answer), and the ones that are not physically
meaningful (and may have different answers). Both kinds can be used to find correct
total derivatives.

Thermodynamics is rife with constrainedmultivariate functions. For instance, 𝜕U ∕𝜕T falls
into the “useful but not physical” category because you can’t change T while holding P and
V constant. But we can get physically meaningful derivatives by specifying one variable to
hold constant, and allowing the others to change as they must. Consider how we can apply
this strategy to our triangle.

∙ 𝜕A∕𝜕a, as discussed above, means “see what happens to A if you change a while holding
b and c constant.” It can be a useful step on the road to finding a total dA, but it has no
intrinsicmeaning, and its value depends on the specific form of yourA(a, b, c) function.
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∙ (𝜕A∕𝜕a)b asks about the change in area if you change a while holding b constant. This
is real: the change in a causes a change in c, and the area of the triangle changes in
response to both of these changes. Mathematically, you would find this quantity by solv-
ing a2 + b2 = c2 for c and then plugging in to find A(a, b) = (1∕2)ab before evaluating
the partial derivative.

∙ (𝜕A∕𝜕a)c is also real: you change a while holding c constant, which causes a change in
b, and the area of the triangle changes in response to both of these changes. Mathe-
matically, you would find this quantity by solving a2 + b2 = c2 for b and then plugging
in to find A(a, c) = (1∕2)a

√
c2 − a2 before taking the derivative.

a aa

c c
c

b b

b

Change a while
holding b constant

Change a while
holding c constant

Please don’t think that we are saying “partial derivatives are physically meaningful only when
they have parentheses.” The message is quite different: “Partial derivatives are physically
meaningful when they represent a possible change.” For instance, if T (x, y, z) represents the
temperature in the room, then 𝜕T∕𝜕x (which implicitly means “holding y and z constant”)
is perfectly meaningful, since x, y, and z are all independent. But if our function is confined
to the plane 3x + 2y + 5z = 7 then a change in x must be accompanied by a change in either
y or z. In that case, 𝜕T∕𝜕x would be helpful only as part of a total dT , but (𝜕T∕𝜕x)y would
mean more than that.

Perhaps surprisingly, this distinction between “only useful” and “actually physical” partial
derivatives can be important in how you use them in equations. As an example, suppose that
three quantities E , F , and G are related by:

dE = dF + F dG given (4.10.7)

You can take this at face value as a statement about small changes: “If F and G each changes
by a small amount, then here is how much E will change.” If all three variables depend on
time, then you can also divide both sides by dt:

dE
dt

= dF
dt

+ F dG
dt

follows from Equation 4.10.7

This is now a statement about rates of change: “If F and G are changing this fast right now,
then here is how fast E is changing.”

But what if E , F , and G are all functions of x and y? Since we have stressed that dx
is a meaningful (and manipulable) variable and 𝜕x is not, you should be suspicious if we
assert this.(

𝜕E
𝜕x

)
y
=
(
𝜕F
𝜕x

)
y
+ F

(
𝜕G
𝜕x

)
y

Does this follow from Equation 4.10.7? (4.10.8)

Does Equation 4.10.7 imply Equation 4.10.8? If x and y are independent, so all of these par-
tial derivatives have unique physical values, then the answer is yes. If x and y are related by
some external constraint, however, then you can change the values of these partials simply
by rewriting your functions as we did for 𝜕A∕𝜕a above, and Equation 4.10.8 doesn’t follow
from Equation 4.10.7. You’ll see an example where you are not allowed to do this division in
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Problem 4.196, and in Problem 4.198 you’ll apply a valid use of “dividing by 𝜕x” to derive an
important thermodynamic equation.

Thermodynamics makes frequent use of this notation and this trick, generally without
explanation. So let’s be clear: you cannot get from Equation 4.10.7 to Equation 4.10.8 by
“dividing both sides by 𝜕x” (there’s no such thing), or by taking derivatives with the chain
rule. You can’t get there by any mathematical step, because it is not always true. But if x and
y are independent of each other, then changing x while holding y constant will lead to real
values of dE , dF , and dG , and under those circumstances the leap to Equation 4.10.8 is safe.

4.10.1 Problems: Thermodynamics

4.178 A canister contains 5 moles of hydrogen gas at
300 K and 105 Pa (the SI unit of pressure). You
may consider the hydrogen to be an ideal gas.
(a) How much thermal energy does

the hydrogen contain?
(b) How much more thermal energy would

the hydrogen contain if it were at 350 K?
(c) Use Equation 4.10.5 to find CV for the

hydrogen and use that to calculate how
much heat you have to add to the gas to
raise it from 300 K to 350 K at constant
volume. Verify that your answer matches
the energy difference you found in
Part (b).

(d) How much would the pressure of
the gas increase as you heated it
at constant volume?

(e) Use Equation 4.10.4 to find CP
for the hydrogen.

(f) Use your answer to Part (e) to cal-
culate how much heat would be
required to raise the gas from 300 K
to 350 K at constant pressure.

(g) Use the first law of thermodynamics and
your answers to the previous parts to
calculate how much work is done on
or by the gas as you heat it from 300 K
to 350 K at constant pressure.

(h) Recall that we define W to be positive
when work is done on the system and
negative when it is done by the system.
Based on the sign you found for the work,
is work being done on the hydrogen by
its surroundings, or on the surround-
ings by the hydrogen? Based on that, is
the hydrogen gas expanding or contract-
ing as you heat it? (Hint: Don’t forget to
use common sense and experience. If
your answer to this question contradicts
what you would physically expect, go back
and see if you made a sign error.)

(i) Using W = −P dV , find the amount by
which the volume of the gas increased
or decreased as you heated it at a con-
stant pressure of 10−5 Pa.

4.179 (a) What is (𝜕U ∕𝜕V )S? (Hint: If you spend
more than 30 s on this problem you’re
making it harder than it needs to be.)

(b) Briefly describe an experiment you
could perform to vary V while hold-
ing S constant. Hint: look at the
definition of entropy.

4.180 For a system that obeys the equipartition
theorem we could have written the defi-
nition of CV as a total derivative, dU ∕dT .
Explain why this is equivalent to the def-
inition we gave for systems that obey
equipartition, but not necessarily for other
systems.

For Problems 4.181–4.185 you should assume all
gases are ideal. At normal temperatures and
pressures this is usually a good approximation. Pay
attention to how many degrees of freedom f the gas
in each problem has.

4.181 An “isothermal” process is one that takes
place at a constant temperature. Assume
a container with n moles of helium at vol-
ume V and pressure P is being expanded
isothermally at a rate dV ∕dt.
(a) At what rate is the internal energy

of the helium changing? (Hint: This
requires no calculations.)

(b) Using the thermodynamic identity and
your answer to Part (a), find the rate of
change of the helium’s entropy.

4.182 An “adiabatic” process is one in which no
heat enters or leaves the system. Assume
a container with n moles of helium at vol-
ume V and pressure P is being expanded
adiabatically at a rate dV ∕dt.
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(a) At what rate is the entropy of the
helium changing? (Hint: This
requires no calculations.)

(b) Using the thermodynamic identity and
your answer to Part (a), find the rate
of change of the helium’s energy.

(c) Is the helium’s temperature remaining
constant, increasing, or decreasing?

4.183 An “isobaric” process is one that takes place at
constant pressure. Assume a container with n
moles of helium at volume V and pressure P is
being expanded isobarically at a rate dV ∕dt.
(a) At what rate is the temperature of

the helium changing?
(b) At what rate is the energy of the

helium changing?
(c) Using the thermodynamic identity and

your answer to Part (b), find the rate of
change of the helium’s entropy.

(d) Is heat entering the system, leaving
the system, or neither?

4.184 A container with a movable piston that
can allow it to expand and contract con-
tains n moles of helium. The container
walls are thin enough that the helium
remains at a constant room temperature
T . You slowly compress the container so
that the volume goes from V0 to Vf .
(a) Write an expression for P (V ), the pres-

sure as a function of volume while the
helium is being compressed.

(b) Recall that a small amount of compression
−dV requires an amount of work −P dV
to be done on the system. To find the total
work done in going from V0 to Vf take
an integral to add up all the infinitesimal
amounts of work done along the way.

(c) Did the sign of your answer to
Part (b) come out the way you
would expect? Explain.

(d) How much did the energy of the helium
change during the process? (Hint: This
should be trivial to answer.)

(e) How much heat entered or left the
system during the process?

(f) Find the change in entropy of the
helium during the compression.

4.185 Methane is a “polyatomic” molecule, mean-
ing it has more than two atoms.
(a) A polyatomic molecule can rotate about

any of the three axes. How many degrees
of freedom f does it have?

(b) How much heat is required to raise
30 moles of methane gas from 300 K
to 350 K at constant pressure?

4.186 (a) What is CP for an ideal gas with f
degrees of freedom?

(b) Is the expression you just found
for CP larger than or smaller than
Equation 4.10.5 for CV ?

(c) Explain why your answer to Part (b)
makes sense physically.

4.187 The ideal gas approximation assumes that the
molecules of a gas don’t interact with each
other. At high densities, an approximation
that takes into account some molecular inter-
actions is the van der Waals equation of state:

PV + an2

V
− nbP − abn3

V 2
= nRT

The energy of a van der Waals gas is:

U =
fnRT
2

− an2

V

(a) Calculate CV for a van der Waals gas.
(b) From the energy equation you can

conclude that (𝜕U ∕𝜕T )P = fnR∕2 +
(an2∕V 2)(𝜕V ∕𝜕T )P . Use implicit differen-
tiation and the van der Waals equation of
state to find (𝜕V ∕𝜕T )P and thus derive an
expression for CP for a van der Waals gas.

4.188 Electromagnetic radiation can be considered
a gas of particles called “photons.” The gas is
ideal (not just approximately ideal, like nor-
mal gases), but instead of the usual equiparti-
tion theorem it obeys the relation U = 3nRT .
Derive CV and CP for n moles of photons.

4.189 Consider a container of gas with a mov-
able piston. Suppose the gas is allowed to
expand in such a way that the piston moves
by a distance L. As it expands the gas exerts
a force on the piston given by the pres-
sure P of the gas times the cross-sectional
area A of the piston. Recall from introduc-
tory mechanics that the mechanical work
you do on an object is the force you exert
on it times the distance it moves (assum-
ing they are in the same direction).
(a) Show that the work done by the gas

on the piston is P dV .
(b) Argue using Newton’s third law

that the work done by the piston
on the gas is −P dV .
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4.190 The Explanation above discussed the dif-
ferent meanings of 𝜕A∕𝜕a, (𝜕A∕𝜕a)b , and
(𝜕A∕𝜕a)c in a right triangle. Give a similar dis-
cussion of the different meanings of 𝜕S∕𝜕T ,
(𝜕S∕𝜕T )V , and (𝜕S∕𝜕T )P where S, the entropy,
depends on temperature, pressure, and vol-
ume, which are in turn constrained by an
equation of state such as the ideal gas law.

4.191 In the Explanation above, we analyzed a right
triangle using the admittedly perverse (but
correct!) area formula A = (bc2 − b3)∕(2a). In
this problem you will replicate our analysis
based on the more conventional A = (1∕2)ab.
(a) Find 𝜕A∕𝜕a, 𝜕A∕𝜕b, and 𝜕A∕𝜕c

and use them to write a general
expression for dA∕dt.

(b) Based on the Pythagorean c2 = a2 + b2,
write a formula for dc∕dt based on
a, b, c, da∕dt, and db∕dt.

(c) If a = 3, b = 4, c = 5, da∕dt = −2,
and db∕dt = 6, find dc∕dt.

(d) Plug the numbers from Part (c) into your
formula from Part (a). Show that your
𝜕A∕𝜕a is not the same as ours, but our
final dA∕dt answers are the same.

4.192 Consider the function f = x2 + yz
where 2x − yz2 = 3.
(a) Using the function in the form

given above, find 𝜕f ∕𝜕x.
(b) Rewrite f as a function of x and z

only. When you take the derivative of
the resulting equation with respect
to x, you will find (𝜕f ∕𝜕x)z .

(c) Find (𝜕f ∕𝜕x)y.
4.193 The entropy of a monatomic ideal

gas is S = C + nR ln(V ) + (3∕2)nR lnT
where C is a constant.
(a) Calculate (𝜕S∕𝜕T )V .
(b) Calculate (𝜕S∕𝜕T )P . (Hint: Start by

using the ideal gas law to eliminate
V from the equation for S.)

(c) Show that you can rewrite the
entropy of an ideal gas as either
C + nR ln ((1∕2)V + (1∕2)nRT∕P )
+ (3∕2)nR lnT or C + nR ln ((1∕3)V+
(2∕3)nRT∕P ) + (3∕2)nR lnT .

(d) Using the two expressions for entropy
in Part (c), calculate (𝜕S∕𝜕T ) hold-
ing P and V constant. Prove that your
two answers are not equivalent.

(e) We seem to have a problem. If you do an
experiment where you change T while
holding P and V constant, and measure

the resulting change in S, you cannot pos-
sibly get two different results. So how can
a series of valid mathematical steps lead
to two different values of 𝜕S∕𝜕T ?

4.194 A light bulb has a constant resistance R . A
battery supplies a voltage V across it, which
causes a current I = V ∕R to flow through it.
The power emitted by the light bulb (in the
form of light and heat) is P = IV . The voltage,
and thus the current, are changing with time.
(a) Draw the dependency tree for the

power in this arrangement.
(b) Write the chain rule for dP∕dt.
(c) Using the equations P = IV and

I = V ∕R , calculate dP∕dt as a func-
tion of V and dV ∕dt.

(d) Redo Parts (a)–(c) starting from the
equations P = I 2R and I = V ∕R .

(e) Note that 𝜕P∕𝜕I came out differently
in your two calculations, but in both
cases led to the same dP∕dt. Why must
dP∕dt come out the same no mat-
ter how you calculate it?

4.195 Consider a function f defined everywhere
on a plane. We use 𝜌 and 𝜙 for the polar
coordinates on the plane.
(a) The derivative (𝜕f ∕𝜕x)y looks for a change

in f when you advance x by a small
amount while holding y constant. Draw
a picture of a point (x, y). Then draw a
small line segment from that point that
allows x to change but holds y constant.
Label dx on your drawing.

(b) The derivative (𝜕f ∕𝜕x)𝜌 looks for a
change in f when you advance x by a
small amount while holding 𝜌 constant.
Draw a picture of a point (x, y) and a
small line segment from that point that
allows x to change but holds 𝜌 constant.
Label dx on your drawing.

(c) The derivative (𝜕f ∕𝜕x)𝜙 looks for a
change in f when you advance x by a
small amount while holding 𝜙 constant.
Draw a picture of a point (x, y) and a
small line segment from that point that
allows x to change but holds 𝜙 constant.
Label dx on your drawing.

Now we consider the specific function
f = y at the point (4, 3).
(d) Calculate (𝜕f ∕𝜕x)y at the given point.
(e) Rewrite f as a function of x and 𝜌.

Using this form, calculate (𝜕f ∕𝜕x)𝜌
at the given point.
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(f) Rewrite f as a function of x and 𝜙.
Using this form, calculate (𝜕f ∕𝜕x)𝜙
at the given point.

4.196 In this problem you will prove by example
that you cannot generally divide both
sides of an equation by 𝜕x when x and
y are not independent. Consider three
quantities f (x, y) = 3x2y + 2, a(x, y) = 2x4,
and b(x, y) = y2, where y = x2.
(a) Use the chain rule to calculate df ∕dx,

da∕dx, and db∕dx, and verify that
df ∕dx = da∕dx + db∕dx. Because these
are total derivatives you can multiply
both sides of the equation by dx and
conclude that df = da + db.

(b) Using the forms given in the prob-
lem for f , a, and b, show that the
equation (𝜕f ∕𝜕x) = (𝜕a∕𝜕x) + (𝜕b∕𝜕x)
is false.

4.197 Consider a function of x and y, which
are themselves related by y = x2.
(a) Let a1 = x + xy2.

i. Calculate 𝜕a1∕𝜕x and 𝜕a1∕𝜕y.
ii. Use the chain rule to write a formula

for da1 as a function of x, y, dx, and dy.
iii. Now plug in y = x2 to find da1 as

a function of x and dx only.
(b) Let a2 =

√
y + x3y.

i. Calculate 𝜕a2∕𝜕x and 𝜕a2∕𝜕y.
ii. Use the chain rule to write a formula

for da2 as a function of x, y, dx, and dy.
iii. Now plug in y = x2 to find

da2 as a function of x and
dx only.

(c) Show that a1 = a2. (Assume x > 0.)
(d) What was the same in these two examples,

and what was different?

4.198 (a) Derive Equation 4.10.4, starting from
the thermodynamic identity.

(b) Equation 4.10.4 looks like the ther-
modynamic identity divided by 𝜕T ,
but in general dividing by a par-
tial is not legal. Why is it OK in
this case?

4.199 The “enthalpy” H of a system is
defined as H = U + PV .

(a) Express the differential dH in terms
of T , S, P , and V and their differen-
tials. In other words write a formula
for dH without U in it.

(b) Using your formula for dH , show that
for any process done at constant pres-
sure the change in enthalpy equals
the amount of heat that enters your
system. (Many reactions occur at con-
stant pressure because they are open to
the atmosphere. Chemists often refer
to tables listing the enthalpy of gases
in different states to figure out how
much heat will enter or leave when
they undergo certain reactions.)

4.200 Maxwell Relations The thermodynamic iden-
tity can be used to derive non-obvious rela-
tionships between certain derivatives.
(a) What is (

𝜕U
𝜕S

)
V

Hint: If you spend more than 30 s
on this problem you’re making it
harder than it needs to be.

(b) Take the derivative (𝜕∕𝜕V )S of your
answer to Part (a) to get an expression
for (𝜕2U ∕𝜕V 𝜕S). Your answer should be
in the form of a first derivative.

(c) Derive a similar expression for
(𝜕2U ∕𝜕S𝜕V ). Using the equality of mixed
partial derivatives, write an equation relat-
ing two first derivatives. This equation
is known as a “Maxwell relation.”

(d) Describe experiments that you could per-
form to directly measure each of the two
derivatives that you just said should be
equal to each other. When you think of
these derivatives as descriptions of physical
processes in this way it is far from obvious
that these two quantities would be equal.

4.201 [This problem depends on Problems 4.199 and
4.200.] Use the formula you derived for
dH in Problem 4.199 to derive another
Maxwell relation similar to the one you
derived in Problem 4.200.
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4.11 Additional Problems
For Problems 4.202–4.205 find 𝜕f ∕𝜕x, 𝜕2f ∕𝜕x𝜕y,
∇⃗f , and Du⃗f .

4.202 f (x, y) = x − y + exy and u⃗ = î − ĵ

4.203 f (x, y) = x2y3 and u⃗ = ĵ

4.204 f (x, y) = ax + by2 + c sin(ey) and u⃗ = î + 3ĵ

4.205 f (x, y) = x∕(x + y) and u⃗ has magni-
tude 2 and direction 20◦ clockwise
from the positive y-axis.

For Problems 4.206–4.208 say which of the given
functions is a solution to the given partial differential
equation. There may be more than one correct
answer. Assume any letters other than f , x, and t
represent constants.

4.206 𝜕f ∕𝜕t = −𝜕f ∕𝜕x
(a) f (x, t) = x2t−2

(b) f (x, t) = ex−t

(c) f (x, t) = cos2(t − x)
(d) f (x, t) = (x + t)2

4.207 𝜕2f ∕𝜕t2 = c2𝜕2f ∕𝜕x2 − (c∕
√
2)

(
𝜕2f ∕𝜕x𝜕t

)
(a) f (x, t) = c

(b) f (x, t) = e
√
2ax+act

(c) f (x, t) = sin(x +
√
2ct)

(d) f (x, t) = xt

4.208 𝜕2f ∕𝜕t2 = (x2∕t2)𝜕2f ∕𝜕x2

(a) f (x, t) = c
(b) f (x, t) = x3t3

(c) f (x, t) = x2t3

(d) f (x, t) = cos(ax) + sin(bt)

4.209 Chemical Kinetics The “Arrhenius equation”
tells us that the rate k of a chemical reaction
is given by k = Ae−Ea∕RT where T is the tem-
perature and Ea is the activation energy (the
energy that must be overcome for the reaction
to occur). A and R are positive constants.
(a) Compute 𝜕k∕𝜕T . Based on the sign of

your answer, you should be able to con-
clude that “If you increase the temper-
ature, the reaction rate increases.”

(b) Compute 𝜕k∕𝜕Ea . Then write a sen-
tence, similar to the quoted sentence
in Part (a), explaining what the sign
of your answer means.

(c) Compute 𝜕2k∕𝜕T 2. How high does Ea
have to be in order to make 𝜕2k∕𝜕T 2

positive? What does it tell you about
the system when it is positive?

(d) Compute 𝜕2k∕𝜕T𝜕Ea . How low does Ea
have to be in order to make 𝜕2k∕𝜕T𝜕Ea
positive? What does it tell you about
the system when it is positive? Hint:
You can answer the verbal part two dif-
ferent ways, depending on whether
you think of your second derivative
as 𝜕2k∕𝜕T𝜕Ea or 𝜕2k∕𝜕Ea𝜕T .

4.210 The Wave Equation
(a) Verify that f (x, t) = sin(x + ct) + ln(x − ct)

is a solution to the wave equation(
𝜕2f ∕𝜕t2

)
= c2

(
𝜕2f ∕𝜕x2

)
.

(b) Next show more generally that f (x, t) =
a(x + ct) + b(x − ct) is a solution, where a
and b can be any functions whatsoever.

4.211 The current I in an RLC circuit depends on
the applied voltage V , the resistance R , the
inductance L, and the capacitance C . For an
alternating current with a variable inductor,
both V and L depend on time t. The resis-
tance depends on temperature T which, in
turn, depends on time. The capacitance does
not depend on time or temperature.
(a) Draw the dependency tree for I .
(b) Write a formula for dI∕dt.

4.212 Your company’s profit P depends on the
number of items you sell (N ), the price you
charge per item (I ), and your costs (C). The
number of items you sell depends on the
price you charge, and your costs depend on
the number of items you sell. (For simplicity
we’ll assume you make exactly as many as
you sell.)
(a) Draw the dependency diagram for your

profit and write an expression for dP∕dI .
(b) One simple N (I ) function is N = ae−bI

where a and b are constants. Show
that this function makes sense at
the low and high extremes. Give the
units on the two constants.

(c) Write plausible functions for the other
dependencies in the problem and explain
why they make sense. (These may be sim-
pler than the possibility we proposed for
N (I ).) Your answers may contain unknown
constants. Assuming P , I , and C have units
of dollars and N is unitless, specify the
units of any constants you introduce.
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(d) Using the functions you just wrote evaluate
your expression for dP∕dI . Your answer
should contain all of the variables given in
the problem as well as any constants you
introduced in your function. Make sure
each term in your answer has correct
units.

4.213 The traffic density c on interstate highway I-95
depends on position x and time t, and your
position on the highway depends on time.
(a) Write an expression for dc∕dt, the traf-

fic density you see as you drive.
(b) Your expression for dc∕dt should con-

tain 𝜕c∕𝜕t in it. Explain what each of
these two derivatives means.

(c) Describe a circumstance where you
would expect dc∕dt > 0 and 𝜕c∕𝜕t < 0.
Don’t use any mathematical terms like
“with respect to” or “rate of change” in
your answer. Just describe what’s hap-
pening on I-95 and what your car is
doing.

4.214 Consider the curve defined by the
equation sin y = cos x.
(a) Use implicit differentiation to find

dy∕dx as a function of x and y.
(b) Use the identity sin2 y + cos2 y = 1 and

the original equation sin y = cos x to
express dy∕dx as a function of x only.

(c) Use the original equation to find
y(0). (There are infinitely many
possibilities here—feel free to just
give the simplest one.)

(d) Use your answers to Parts (b) and (c)
to write the equation for this curve in a
simpler form. Then confirm that your
simplified equation satisfies the orig-
inal relationship sin y = cos x.

4.215 The drawing shows the paraboloid z = 50 −
x2 − y2 and shows the point (4, 4, 18) on that
paraboloid. “Which way does the gradient
point at this location?” is an ill-defined ques-
tion, because it depends on what function we
use to represent the surface. We are going
to ask this question for two different func-
tions and find two different answers. Note
that in neither case will the gradient point
“up the hill” as many students expect.
(a) First consider the function z(x, y) =

50 − x2 − y2. Calculate the gradient of
this function at the point (4, 4, 18).

(b) Explain visually why the gradient
pointed the way it did.

y

x

z

(c) If we picked a different point on this
paraboloid, explain how we could deter-
mine visually (with no calculations) which
way the gradient would point.

(d) Now consider the function f (x, y, z) = x2 +
y2 + z, with the paraboloid representing
one level surface of f . Calculate the gradi-
ent of this function at the point (4, 4, 18).

(e) Explain visually why the gradient
pointed the way it did.

(f) If we picked a different point on this
paraboloid, explain how we could deter-
mine visually (with no calculations) which
way the gradient would point.

4.216 Consider the curve y + xey = 1.
(a) Find the slope of this curve at

the point (1, 0).
(b) Find the gradient of the function

f (x, y) = y + xey at the point (1, 0).
(c) Find the angle between the gradient

vector ∇⃗f (1, 0) and the tangent line
to the curve at that point. Explain
why your answer makes sense.

(d) Find the concavity of the curve
at the point (1, 0).

4.217 The plot below shows the contour lines of a
function z(x, y). Copy this plot and add to it
vectors at a variety of points (at least five, in
different parts of the plot) showing the gra-
dient at those points. Your vectors won’t be
precise, but they should all point in the correct
direction and they should be larger in places
with big gradients than they are in places with
small gradients. (Pay careful attention to the
numbers on the contours so you can tell where
the function is increasing or decreasing.)
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(If you want to print the picture from a com-
puter instead of copying it, make a contour
plot of z(x, y) = e−(x−1)2−y2 + 0.3e−x2+y2 in the
range −1.2 ≤ x ≤ 1.2, −1.2 ≤ y ≤ 1.2.)

4.218 Meteorologists study the “pressure gradi-
ent,” the gradient of the air pressure in
the atmosphere, to predict winds.
(a) Does the “pressure gradient force” point

in the direction of the pressure gradient,
or opposite that direction? Why?

(b) Suppose the air pressure in a local area
is modeled by the equation p(x, y, z) =
x∕(5 ln z). Write a unit vector in the
direction of the pressure gradient
force at the point (2, 2, e).

(c) Compute the directional derivative
of p(x, y, z) in the positive y-direction.
Explain why your result makes sense
based on the pressure function.

4.219 Consider the function f (x, y) = x∕(2x + y + 1).
(a) Create the tangent plane to this

function at the origin, and use it to
approximate f (0.01, 0.01).

(b) Create the second-order Taylor series
to this function at the origin, and use
it to approximate f (0.01, 0.01).

(c) Calculate the actual value of f (0.01, 0.01).
Which approximation was closer?

(d) Create the tangent plane to this func-
tion at the point (1, 1, 1∕4), and use
it to approximate f (1.01, 0.9).

(e) Create the second-order Taylor series to
this function at the point (1, 1, 1∕4), and
use it to approximate f (1.01, 0.9).

(f) Calculate the actual value of f (1.01, 0.9).
Which approximation was closer?

Problems 4.220–4.222 deal with “linear
programming,” meaning optimization where the
objective function and all of the constraints are linear.

4.220 You are a manager at the Nezzer Chocolate
Factory, responsible for the production
of hand-crafted artistic chocolate bunnies
and eggs. To make a Nezzer Egg requires
5 hours of labor and $3 dollars of combined
labor and material cost, and you sell them
for $5 dollars each (a $2 profit). A Nezzer
Bunny requires 3 hours and $5 dollars and
sells for $6 (a $1 profit). If you make g eggs
and b bunnies your profit is P = 2g + b.
Your total budget per day is $200, and you
have 250 hours of labor available to you
each day.
(a) Draw the region in the g -b-plane

that is allowed by these constraints.
(Hint: Remember to consider the
least possible number of eggs and
bunnies you can make.)

(b) How many bunnies and eggs should you
make to maximize your profit?

(c) Now suppose the market price of bun-
nies goes up to $11 (so the profit is
now $6), and all the other numbers
remain the same. How many eggs and
bunnies should you produce?

(d) You should have found that with the
price of bunnies at $11 you could max-
imize your profits by making only bun-
nies. What is the minimum market
price for bunnies that makes it opti-
mal to produce all bunnies?

4.221 Your chemical plant has three reactors that use
Unobtanium to make Gloppity-Glop. Reac-
tor 1 uses 50 kg of Unobtanium and takes
2 kilowatt-hours to make a liter of Gloppity-
Glop. Reactor 2 uses 20 kg of Unobtanium
and takes 5 kilowatt-hours to make one liter.
Reactor 3 only uses 10 kg of Unobtanium
but it takes 10 kilowatt-hours per liter. (The
reactors can make fractional numbers of
liters of Gloppity-Glop.) You have 1000 kg
of Unobtanium and enough fuel to pro-
duce 200 kilowatt-hours of energy.
(a) You want to make as much Gloppity-

Glop as you can with your resources.
Write the function you are trying to max-
imize. It should depend on the amounts
R1, R2, and R3 you produce from the
reactors.

(b) Write the constraints on these vari-
ables. They should all be in the form of
inequalities. In addition to the constraints
described in the problem, there is also the
requirement that none of these variables
can be less than zero. Explain why.
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(c) If you were to make a plot with R1, R2, and
R3 as the axes the constraints would define
an allowed region on that plot. Show that
the maximum value of Gloppity-Glop you
can produce cannot occur in the interior
of that region, which means it must be on
the boundary. (Because you have three
variables it’s probably more trouble than
it’s worth to try to draw this region.)

(d) To test the boundaries consider each
one in turn. First, assume that you use
all 1000 kg of Unobtanium. This should
turn one of your constraints into an
equality. Use that constraint to elimi-
nate R3. Your remaining constraint is
still an inequality and the constraint
R3 ≥ 0 now becomes another inequality
involving R1 and R2. Write these con-
straints and draw the allowed region in
the R1 − R2-plane. Find the maximum
amount of Gloppity-Glop you can make
using all 1000 kg of Unobtanium.

(e) Repeat the process to find the maxi-
mum amount of Gloppity-Glop you can
make using all 200 kilowatt-hours.

(f) How many liters of Gloppity-Glop should
you make in each reactor, and how much
total Gloppity-Glop can you make?

4.222 [This problem depends on Problem 4.221.] All
possible solutions to Problem 4.221 could
be plotted as points in a 3D space of R1,
R2, and R3. Each of the five constraints is a
plane in that space, and between them they
form the boundaries of the allowed region.
(They form boundaries because they are
all inequalities. If one of the constraints had
been an equation such as 5R1 − 2R2 + 3R3 = 7,
that would have forced the solution to lie
on that surface instead of lying in a region
bounded by it.) Because the objective function
and the constraints are all linear functions,
the optimal solution must lie on a vertex
point where different boundary planes
intersect.

(a) One vertex point can be described like
this. “At the vertex of R2 = 0, R3 = 0, and
50R1 + 20R2 + 10R3 = 1000, Reactor 1 is
used until it consumes all the Unobta-
nium. It makes R1 = 20 L of Gloppity-
Glop using 40 kilowatt-hours.” List all
the other possible vertices and give a

similar description for each. Note in par-
ticular which vertices represent impos-
sible solutions—that is, solutions that
violate the constraints of the problem.
(The example we gave is possible.)

(b) If you went through the same process you
used in Problem 4.221 with an energy
limit of 20 kilowatt-hours instead of 200
kilowatt-hours, you would find that the
optimal solution used all of the avail-
able energy, but did not use all 1000 kg
of available Unobtanium. Based on
your answer to Part (a), how many reac-
tors are used in that solution? (You can
go through the whole process to find
the solution, but you don’t need to do
that to answer this question.)

(c) Suppose another reaction used two chem-
icals, Unobtanium and Wonderflonium,
to make Gloppity-Glopp. Once again
you have three reactors, each of which
uses a specified amount of Unobtanium,
a specified amount of Wonderflonium,
and a specified amount of energy to
produce a liter of Gloppity-Glopp. For
this reaction there are six constraints:
none of the reactor outputs can be neg-
ative and you can’t exceed the available
amounts of Unobtanium, Wonderflo-
nium, or energy. If the optimal solution
involved using all of the energy and all
of the Wonderflonium, but not using all
of the Unobtanium, how many reactors
would have to be idle in that solution?

4.223 The National Weather Service uses the fol-
lowing formula to calculate “wind chill,”
meaning the effective temperature you feel
on a windy day: W = 35.74 + 0.6215T −
35.75v0.16 + 0.4275Tv0.16. Here T is the
temperature in Fahrenheit and v is the
wind speed in mph.9 This formula is only
valid for −50 < T < 50 and v > 3.
(a) Find 𝜕W ∕𝜕v.
(b) Explain how the formula you just

found shows you that this formula for
W cannot possibly be accurate for
temperatures above 85◦ F.

4.224 In special relativity the Lorentz transforma-
tions give the position and time of an event
in one reference frame in terms of its posi-
tion and time in another: x′ = 𝛾(x − vt),

9See for example http://www.nws.noaa.gov/os/windchill/index.shtml. The authors would like to thank Courtney Lannert
for suggesting this problem.
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t ′ = 𝛾(t − vx∕c2). Here v is the velocity of
the primed frame relative to the unprimed
frame, 𝛾 = 1∕

√
1 − v2∕c2, and c is the speed

of light. Suppose an object is moving at
speed u = dx∕dt in the unprimed frame and
you want to know the velocity an observer
in the primed frame will measure.
(a) Using the Lorentz transformations, write

expressions for dx′ and dt ′ in terms of dx
and dt. (Both v and c are constant.)

(b) Use those expressions to find dx′∕dt ′.
Write your final answer only in terms of u,
v, and c, and simplify as much as possible.

(c) The formula you just derived is sometimes
called the “velocity addition” rule in spe-
cial relativity. Evaluate it in the limiting
cases uv ≪ c2 and u = c and explain why
your answer makes sense in both cases.

4.225 Exploration: The Earth’s Equatorial Bulge
If the Earth were a perfect sphere, it would
create a gravitational potential of −GM∕r
where M is the mass of the Earth and r is
distance from the Earth’s center (r > R).
The Earth actually bulges around the
equator, however, so a more accurate
expression for its potential is

U = −GM
r

+
GMR2J2
2r 3

(
3 sin2 l − 1

)
Here R is the Earth’s radius at the equa-
tor, J2 is a measure of “ellipticity” (how far

its shape is from a perfect sphere), and
l is latitude: 0 at the equator and 𝜋∕2 at
the poles.
(a) Find a second-order Taylor series

for this potential about a point on
the equator (r = R , l = 0).

(b) The gravitational force is given by F⃗ =
−∇⃗U , but the formula we gave for gra-
dient in this chapter only applies to per-
pendicular distance variables, not angles
(like latitude). To convert to a more
amenable coordinate system, rewrite your
Taylor series for U using the substitution
y = Rl , where y is distance north from
the equator.

(c) For y << R , we can treat r̂ as a unit
vector perpendicular to ŷ and there-
fore write ∇⃗U = (𝜕U ∕𝜕y)ŷ + (𝜕U ∕𝜕r )r̂ .
Based on this approximation, find the
gravitational force F⃗ (y, r ). Simplify your
answer as much as possible.

(d) For the Earth the ellipticity J2 is roughly
10−3. What direction does the Earth’s grav-
itational field point at a latitude 5 degrees
north of the equator? Express your answer
as a difference between the actual direc-
tion you get from your formula for F⃗ and
the direction it would be if the Earth were
spherical (straight down). (Hint: when it’s
time to calculate the angle of difference,
you will once again make the approxi-
mation that r̂ is perpendicular to ŷ.)
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