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9.8 Multivariate Fourier Series

In this section we extend the idea of Fourier analysis to “multivariate” functions: that is,
functions of more than one independent variable.

9.8.1 Discovery Exercise: Multivariate Fourier Series

1. Have a computer plot the function z(x,y) =sin(3x)cos(10y) on the domain
—27/3 < x<2x/3, 2x/3 <y<2n/3.

2. Have a computer make an animation of the function y(x, t) = sin(3x) cos(10¢) on the
domain —27/3 < x < 27/3,0 < t < 2x/3. In other words make a video that starts as a
plot of y(x,0) and changes into a plot of y(x, A?), y(x, 2At), and so on up to y(x, 27/3),
where At is a number much smaller than 27z /3.

3. Redo Part 1 changing sin(3x) into sin(5x). Then redo it changing cos(10y) into cos(20y)
(using sin(3x) again for this one). How did each of those changes affect the plot?

4. Similarly, redo Part 2 first changing sin(3x) into sin(5x) and then changing cos(10¢)
into cos(20t). How did each of those changes affect the animation?

9.8.2 Explanation: Multivariate Fourier Series

A multivariate version of our guitar string problem is a rectangu-
lar drumhead: that is, a piece of rubber stretched across a rect-
angular wire frame with length L and width W. See Figure 9.20.
The rubber is free to vibrate in the middle, but is tacked down
along the border, so the height z must be zero along x =0, x = L,
y=0,andy=W.

Now imagine pulling the center of the drumhead straight up,
just as we did with our guitar string in Section 9.4. The resulting
shape might reasonably be modeled by the function below.

FIGURE 9.20 A rectangular
drumhead stretched into the
shape z = k(Lx — x%)(Wy — y?).

2= k(Lx — x*)(Wy — y?)

The basic idea here is the same as it was for the guitar string. If the drumhead happens to
start in a perfect sine wave, it will vibrate at one particular frequency. When the starting
condition is not a sine wave we represent it as a sum of sine waves, whose frequencies and
amplitudes will result in particular sounds. But before we go further with this particular
example, let’s step back to discuss what multivariate Fourier series look like mathematically.

One of the Many Formulas for a Multivariate Fourier Series

We have seen four different types of Fourier series: sines-and-cosines, sines-only, cosines-only,
and complex exponentials. This leads to sixteen different types of multivariate Fourier series,
because you can choose independently for x and y! For instance, consider a function that is
even in x with a period of 6, and neither even nor odd in ywith a period of 2z. Each term in
the Fourier expansion of this function could look like cos(mx/3) [Anm cos(ny) + B,,, sin(ny)].
Then again, you might choose in such a case to use cosines for x and complex exponentials
for y, creating cos(mx/3) [¢,,e™ + c_,,,e”™].

In Appendix G we give the general sine-and-cosine form, and the complex exponential
form, for a Fourier series in two variables. (You can easily generalize these formulas to more
variables if you need to.) The sine-and-cosine form is messy, with four different terms and
a variety of integrals, which is one reason most people stay with the complex exponential
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form. But the sines and cosines are useful, especially when working with a function defined
on a finite domain. Below we give the specific formula that applies to a function that is odd
in both x and y, so all the terms are sines. (This particular formula gives as good an example
as any, and it happens to be the one we need for our drumhead. Do you see why?)

Multivariate Fourier Series, Sines Only (See Appendix G for More General Formulas)

The Fourier series for a function that is odd in both x and y, with a period of 2L in x and a period

of 2Win y, is:
Sy =YY D,,sin (%@ sin ("—V:/’y) (9.8.1)

n=1 m=1

The coefficients are given by the equation:

1 wort mn nr
D, = W /7W ,/4 f(x, y)sin (Tx> sin (Wy> dx dy (9.8.2)

You will derive that formula in Problem 9.125, using as always the orthogonality of the
sine functions.

Solving the Vibrating Drumhead
Because our drumhead is defined on a finite domain, we need
to create a periodic extension of it. That means we extend out in
the x-direction, and also extend out in the y-direction, to cover
the whole plane. We have four options for how to do this; for
instance, we could do an even extension in x and an odd exten-
sion in y. But remember that our drumhead is constrained to
z =0 on all four edges, so its vibrational modes are all sines in
both xand y. For this reason we will make odd extensions in both
directions, as shown in Figure 9.21. FIGURE 9.21 The rectangular
We could express this odd extension as a piecewise function, drumhead’s initial shape
and then calculate coefficients with four separate integralsin the extended periodically as an
four separate quadrants. However, the symmetry of the situation odd function in both x and y.
saves us a lot of the trouble. Our function is odd in both x and y
(because we made it so!). That tells us that if we looked for cosine coefficients, they would
all come out zero. It also tells us that we can calculate the sine coefficients by integrating in
the first quadrant only, and then multiplying the result by four.

4k wort 9 9y . (MR . (nm
D,, = WL, /s (Lx — x™)(Wy —y )sm(T )sm(Wy) dx dy

The integral is separable, and you can then work out the individual integrals by parts, or
hand them to a computer. After all due simplification, we arrive here.

_ 64kW3L?

mn

D odd m and n only

mm3nd

So we conclude that our original function can be written in this form.

LWQLQ [Sin(zx>sin<£ >+Lsin<£x>sin<3—7r )
26 L w?) 97 L W

»dpin (i () s (52)n (5) -
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_ Multivariate Fourier Series

Problem:

The drawing shows a surface going directly up from 0 at y = W to a height of H when
y = 0. The function f(x, y) is this figure repeated evenly in the y-direction and oddly in
the x-direction. Find the Fourier series for f(x, y).

Solution:

In the x-direction this function is odd with a period of 2L. In the y-direction this
function is even with a period of 2W. We could use the full sines-and-cosines form in
Appendix G, but the sines in y and cosines in x must drop out due to the symmetry, so
our function will look like:

S(x,y) = Z Z C,p SN <%x> cos (n—vgy) where

n=0 m=0

C —L/W/Lf(x )sin<Mx) dx d
mo_QVVL wl > L 'y

Con = %/_;V/_if(x,y)sin<%x> cos<n—vgy> dx dy n>0

As the appendix instructed us to, we used Q = 2 when n = 0 and Q = 1 when neither
m nor n was zero. (In the drumhead example we were only dealing with sines so the
m =0, n = 0 terms dropped out. Here the m = 0 terms vanish, but the » = 0 terms do
not.)

We could write the function f(x, y) four times—one in each quadrant—and
perform four separate integrals, but the symmetry of the situation allows us to
integrate only in the first quadrant and quadruple the answer. In the first quadrant,
our function looks like f(x,y) = H(1 — y/W). The formula for the coefficients is
therefore:

Cmoz%/)w/(f(l—%>sin<%x> dx dy

WL
Cmnziv—li—é A (l—%)sin(%x)cos(%y) dx dy n>0
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The x integrals are trivial. The y integrals can be done with integration by parts, or
using the table in Appendix G. The result, after simplifying, is:

Cpo = 2 (odd m only) Con = 1%6—HZ (n> 0, odd m and 7 only)
Tm 3mn

So the original function can be expressed as:

Sy =23 Ly (22 4 10 Z

m=1

[oo]

L in(mil-x)cos<E )
= mn Wy

m:

odd m and »n only

What do Those Things Look Like?

When you write a multivariate Fourier series, you write your
function as a series of sine waves. If the independent variable is
x then one term in your expansion might be 10 cos(2x), a sine
curve with a wavelength of 7 meters. If the independent vari-
able is ¢ then a term might be 10 cos(2¢), an oscillation with a
period of 7 seconds. If you don’t understand what those terms
represent, finding a series of them won’t do you much good.

So what do the terms in our multivariate series represent?
If x and y are both spatial then a function like sin(3x) cos(7y)
can be graphed as a surface, as shown in Figure 9.22. If you FIGURE 9.22
start at any point and move in the x-direction, you trace out /(%) = sin(3x)cos(7y).

a sinusoidal oscillation with wavelength 27 /3. If you move in

the y-direction you see oscillation with a wavelength of 2z /7. The function is odd with respect
to x and even with respect to y. You can verify all that information from the function, but the
graph gives you a way to see what it all means visually.

We can visualize the same function in a very different way by thinking of one of the inde-
pendent variables as time. Return to the image of a guitar string moving up and down in the
plane of the page. The motion of such a string can be fully described by a function y(x, ),
which can in turn be decomposed into a multivariate Fourier series. One term in that series
might be sin(3x) cos(7¢). What does that look like?

Well, at ¢ = 0 it just looks like y = sin(3x). The function cos(7¢) represents the changing
amplitude of that function, and the wavelength does not change. So over time, the state
evolves as shown in Figure 9.23.

= (1/5)2alT) = 2/5)2alT) 1= (3/5)2al7T) t = (4/5)2alT) t=2al1

Pty b AP AP e Ty

FIGURE 9.23 The function f(x, ) = sin(3x) cos(7¢) at several moments in time.
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Motion like this where all the points on the string oscillate together is sometimes referred
to as a “normal mode” of the system. The wavelength (27 divided by the x-frequency) is
the distance from one crest to another; the period (27 divided by the ¢frequency) is the
time between oscillations. In an actual string the two frequencies are related by the “wave
equation” which will be discussed more fully in Chapter 11.

Remember that we are not saying that a string always vibrates in a normal mode like
sin(px) cos(wt). We are saying, rather, that more complicated motion can be decomposed
into a combination of such normal modes—that’s what a Fourier series does—and that rep-
resentation helps you model the behavior of the string and predict the resulting notes.

9.8.3 Problems: Multivariate Fourier Series

The formulas in Appendix G for multivariate Fourier series will be needed for many of these
problems.

9.116 Walk-Through: Multivariate Fourier Series.

Imagine an infinite chess board on which In Problems 9.117-9.121 find the Fourier series for
all the black squares are raised to the height the specified function. If both x and y are symmetric
z =1 and all the white squares are low- (even or odd) then use sines and cosines, using only
ered to the height z = —1. (Such boards the appropriate one for each variable. Otherwise use
are sometimes used by blind players so the complex exponential form for both variables.
they can easily feel where each square The integrals in Appendix G will be helpful for some
begins and ends. Those boards, of course, of these.
are finite.) Such a function might be
9.117
represented as:
1 0.1 0.1 1 xe€[0,1), y€[0,1)
' xi[,l)(,) J§[051§ f(x,9) = 2 xe[-1,0), yel0,1)
S(xy) = _1 ¥ [_1’0)’ y L 10 JieD 3 xe[-1,0. ye[-10)
x€[-1,0), y€el-1,0) 4 xel0.1), yel[-1,0)
-1 x€[0,1), y€[-1,0)
. repeated periodically in both directions.
. and so on forever in both directions. 9.118 The function ny on—-l1<x<l1,
(a) Is this function odd, even, or neither —2 <y < 2 and repeated thereafter.
in x7 Whatis its period in x? 9.119 The function x% on 0<x<1,0<y<2
(b) Is this function odd, even, or neither and repeated thereafter.
in y? at is its iod in y?
in y? What is its period in y: 9.120 The function 4xsin(3y) on —7 < x < 7

(c) Your answers so far will tell you what and repeated thereafter.
types of functions will appear in the

i Rk . . 9.121 The function ¢ on —2z < x < 2,
Fourier series: sines or cosines or both,

and with what frequencies. Based on —2m < y< 2.
that information, write the form of the 9.122 The Explanation (Section 9.8.2) showed the
Fourier series you will need. time evolution of a guitar string that fol-

(d) One complete period of this function is lows the equation z = sin(3x) cos(7¢). In this
a square extending from —1 to 1 in both problem you are going to do some similar
x and y. Explain why, in this problem, sketches. In each case you will draw a sequence
you can integrate over a smaller part of of pictures to show the time evolution of a
that region and still find the complete different string. You can do these quickly by
answer. hand; the point is to see how they differ from

(e) Find the coefficients of the Fourier series. each other, not to get every detail right.

(f) Write the Fourier series for f(x, y) (a) Draw the time evolution of 2= 2 sin(3x)
including all terms with m and n less cos(57). How does the behavior of the
than 4. string differ from the version we drew?

Page 13
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(b) Draw the time evolution of z = sin(6x)
cos(bt). How does the behavior of the
string differ from the version we drew?

(¢) Draw the time evolution of z = sin(3x)
cos(10¢). How does the behavior of the
string differ from the version we drew?

The Explanation (Section 9.8.2) consid-
ered a rectangular drumhead pulled up
into a paraboloid. It could instead have
been pulled up into four planes.

y=W

0 x=L

(a) Assuming the drumhead extends
along 0 <x<Land 0<y< W,
and the middle point is raised to
height H above the plane, write the
equations for the four planes.

(b

~

To create a Fourier series for this shape,
you need to create a periodic exten-
sion. Is it best to use an odd or even
extension in x? In y? Explain.

(c

~

Write the Fourier series for your peri-
odic function and write the integrals
for finding the coefficients. You do not
need to evaluate those integrals for this
problem.

iz}
== [This problem depends on Problem 9.123.]

(a) Evaluate the integrals you found in
Problem 9.123 for the Fourier coeffi-
cients. (You could do this by hand but
it would be very tedious. Whether you
do it by hand or on a computer, you
will need to consider the case m = n
separately from the case m # n.)

Set L=4, W=2,and H = 1 and plot
the Fourier series, including all terms
up to m = n = 20. Verify that it matches
the original shape of the drumhead.

b

~

(c

~

Compare this series to the one we
found in the Explanation (for the

same drumhead with a different start-
ing condition). Do the same combi-
nations of notes appear in both cases?
Explain.

9.125 In this problem you will derive the formula
for the coefficients of a multivariate Fourier
series. We assume that the function f(x, y) is
odd in both x and y, and that it is periodic
in x with period 2L and periodic in y with
period 2W. Under these circumstances the
Fourier series looks like Equation 9.8.1.

9.126

9.127

(a)

(b)

(0

(d)

Multiply both sides of Equation 9.8.1
. (kr \ . (P7 .
by sin <—x> sin | —y ]. Then inte-
L w
grate both sides as x goes from —L to
L and y goes from —W to W.

The resulting integral is separable.

Pull the constant out in front and
separate it into one integral in terms
of x and one in terms of y.

The right side of your equation now
has an infinite number of integrals. Use
the orthogonality of the sine functions,

L
and the fact that sin® <kfx) dx =1L,
to evaluate all of t}_lIém.

Solve the resulting equation for the
coefficient D,

[This problem depends on Problem 9.125.] Derive
the formula for the coefficients of a multivari-
ate Fourier series for a function f(x, y) that

is periodic in x with period 2L, periodic in y
with period 2W, odd in x, and even in y. You
will not begin with Equation 9.8.1 exactly.

! In the example on Page 11 we found

a Fourier series for the function f(x,y) =
H( —y/W) on the domain 0 < x < L,

0 <y < W. Choose any positive values for

H, L, and W, and plot the partial sum of that
Fourier series that includes all terms up to
m, n = 11. Verify that it reproduces the shape
of the original function in the appropriate
domain.
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